
WAKE A N A L Y S I S  FOR SUPERSONIC 
DECELERATOR  APPLICATIONS 

Volume I - Theoretical Analysis and Correlation 
of--Wind-Tunnel  and Shallowwater Tow Channel Results 



~ 

TECH LIBRARY KAFB, NM 

aaba83n 
NASA CR-1543 

WAKE ANALYSIS  FOR 

SUPERSONIC  DECELERATOR  APPLICATIONS 

Volume I - Theoretical   Analysis  and  Correlation of Wind-Tunnel  and 
Shallow-Water Tow Channel  Results 

By Richard A. Lau 

Distribution of th i s   repor t  is provided  in  the  interest  of 
information  exchange.  Responsibility for the  contents 
resides in  the  author or organization  that   prepared it. 

P repa red  under Contract No. NAS 1-8010  by 
GOODYEAR AEROSPACE  CORPORATION 

Akron,  Ohio 

for Langley  Research  Center 

NATIONAL AERONAUTICS AND  SPACE ADMINISTRATION 

F o r   s a l e  by t h e   C l e a r i n g h o u s e   f a r   F e d e r a l   S c i e n t i f i c   a n d   T e c h n i c a l   I n f o r m a t i o n  

Springfield,  Virginia 22151 - CFSTl price $3.00 





PREFACE 

The  work  described  in  this  document  was  performed by  Goodyear 
Aerospace  Corporation,  Akron, Ohio under NASA Contract NAS 1 -  
8010, Supersonic  Decelerator Wake Studies.  Results of these  studies 
a re   p resented   in  two volumes: 

Volume I - Theoretical  Analysis  and  Correlation of 
Wind Tunnel  and  Shallow-Water  Tow 
Channe 1 Res  ults 

Volume I1 - Application of Gas  -Hydraulic  Analogy  to 
Shallow-Water  Tow-Channel  Results (NASA CR-1544) 

Contractor's  number  for  this  report  is  GER-14330. 
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SUMMARY 

Two  methods  for  predicting  the  compressible  wake  characteristics  behind 
two-dimensional  and  axisymmetric  bodies  in a supersonic   f ree   s t ream  have 
been  investigated.  The  first  method  involves  use of shallow-water  tow-chan- 
ne1 data  and  the  mathematical  relationships  that  exist  between  water  with a 
free  surface  and a two-dimensional,  compressible  gas.  The  second  method 
is theoretically  developed  and  uses a momentum  integral  solution  for  the  vis- 
cous  wake  and a mass  f low  balance  across  the bow shock  for  the  inviscid  wake. 
As par t  of this  investigation,  the  theoretical  solution  for  the  two-dimensional 
wake was developed  and  the  results  were  combined  with  available  axisymmet- 
r i c  wake  results  into a general   set  of unified  equations. 

Predicted  results  obtained  from  both  methods  have  been  compared  with  ex- 
perimental  wind-tunnel  data.  Tow-channel  results  were  found  to  be  indicative 
of gas  results  with  respect  to  observable flow patterns  and  qualitative  data 
trends.  They  were  generally  found  to be unsuitable f o r  quantitatively  predict- 
ing  compressible  wake  characteristics;  although  reasonable  agreement  was 
found  to exis t   in  a limited  number of cases.   Theoretically  predicted  results 
were  found  to  agree  reasonably  well   with  experimental   data,   al though  the 
method  could  be  further  improved  with  removal of certain  l imiting  assump- 
tions. 

-xiii- 



WAKE ANALYSIS FOR 
SUPERSONIC  DECELERATOR  APPLICATIONS 

Volume 1 - Theoretical  Analysis  and  Correlation of Wind-Tunnel  and 
Shallow-Water  Tow  Channel  Results 

By  Richard A. Lau 
Goodyear  Aerospace  Corporation 

I SECTION I - INTRODUCTION 

Present   and  future   requirements   for   successful   entry  and  descent   into  the 
atmosphere of earth  and  other  planets  indicate a need  for  improved  methods 
of analyzing  and  designing  trailing  deceleration  and  stabilization  devices. 
One aspect of primary  importance  to  ensure  the  establishment of lightweight, 
predictable  -performing  designs is knowledge of the  payload's  trailing  wake. 
Characterist ics of the  trailing  wake  are of importance'  for  two  reasons: 

1. Ejection  velocity of the  decelerator  pack  into  the  wake 
must  be  sufficiently  high  to  achieve  satisfactory  deploy- 
ment  yet  must  not  impose  an  undue  weight  penalty  on 
the  ejection  system. 

2. Performance of the  decelerator is inherently  dependent 
upon  the  nonuniform  wake  characteristics  that  serve as 
the  effective  free-stream  flow  in  which  it  must  operate. 

In  the  supersonic  wake  analysis  program,  theoretical  and  experimental  meth- 
ods of analyzing  the  high-speed  trailing  wake  were  investigated.  The  follow- 
ing  major  tasks  were  performed 

1. Analysis of the  utility of the  shallow-water tow channel 
for  predicting  characteristics of high-speed  compress - 
ible  wake  flows 

2. Development  and  analysis of theoretical  two-dimensional 
wake  equations 

3.  Unification of two-dimensional  and  axisymmetric  wake 
equations  into a general   combined  form 

4. Correlation of theoretical   and  experimental   results  with 
wind-tunnel  results 

All  tow-channel  tests  were  conducted at Wright-Patterson A i r  Force  Base,  
Ohio,with  technical  assistance  and  advice  rendered by Mr. C. A. Babish, III, 
of the  Flight  Dynamics  Laboratory  (FDFR).  Consultant  services  for  the  de- 
velopment of the  theo'retical  wake  equations  were  provided  by Dr. R. M. 
Nerem of Ohio  State  University,  Columbus,  Ohio. 

1 





SECTION II - ANALYSIS O F  TOW CHANNEL  RESULTS 

1. PURPOSE 

Because  trail ing  decelerators  are  typically  constrained to operations  in 
the  wake of a leading  payload,  the  problems of analysis are generally 
difficult  and  complex.  Often a considerable  amount of wind-tunnel  testing 
is  required  even  in  preliminary  stages of development to facil i tate  later 
selection  and  evaluation of the  final  design.  The  shallow-water  tow  chan- 
nel  offers substantial  economic  advantages  over  wind-tunnel  testing,  and 
its application as a screening  device  conceivably  could  reduce  the  time 
and  expense of decelerator  development. 

A major  portion of the  supersonic  wake  analysis  program  was  devoted to 
an  investigation of the  shallow-water  tow  channel  and  the  mathematical 
relationships  existing  between (1) an  incompressib,le  fluid  (water)  having 
a free  surface  and (2) a two-dimensional  compressible  gas.   The  corre- 
spondence  between  the  two  fluids  has  been  the  subject of previous  stud- 
ies,   such  as  that  of Orlin,  et al, '9 a and  has  resulted  in  the  formulation 
of the  gas-hydraulic  analogy.  This  analogy  relates  the  water  depth  to 
the  density,   pressure,   and  temperature of the  so-called  "hydraulic  gas" 
which  is  two-dimensional,  isentropic,  irrotational,  and  has a specific 
heat  ratio,  y, of 2. Although  the  gas-hydraulic  analogy  itself  is  not  valid 
for  any  real  gas,  the  analogous  nature of the  two  fluids  merited  further 
consideration.  Consequently,  the  purpose of this  investigation  was  to 
study  the  potential  utility of the tow channel  as  an  analytical  tool  in  the 
investigation of compressible  flows  and  as a possible  screening  device 
for  candidate  high-speed  decelerators. 

2. FOREBODY F L O W  FIELD CONSIDERATIONS 

- a. Elements of the  Flow  Field  Structure 

The  nature  and  structure of a high-speed  (supersonic)  compressible  flow 
about a  body in  either  gas  or  liquid is i l lustrated  in  Figure 1. Presented 
parenthetically  in  Figure 1 is the  corresponding  water  terminology  for 
supercritical  flow  indicating  the  existence of a geometrically  analogous 
structure.   In  both  cases,  as the  upstream  flow  approaches  the  body, it 
becomes  unstable  and  passes  through  the  primary  wave, o r  jump, to the 
stable  region on the  downstream  side.  This  wave  may be attached, o r  it 
may be  detached  as  shown. 

As  indicated  in  Figure  1,  the  transition  across  the  wave  occurs  in a simi- 
lar   manner  for  both  gasses  and  l iquids.   There  are,   however,   several  
differences  worth  noting. First, the  gaseous  shock  wave  and  the  hydraulic 
jump  are  of different  shapes.  Theoretically,  the  shape of the  hydraulic 
jump is equivalent to that  incurred  in  the  hydraulic  gas.  Second,  the 

k Superior  numbers  in  the  text  refer to items  in  the  List of References.  a 

1 
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change  in  internal  energy  across a shock  wave is not  equivalent to the 
change ac ross  a hydraulic  jump.  In  water,  the  change  in  internal  energy 
manifests   i tsel f   by  an  increase  in   the  water   temperature  on the  down- 
stream  side.  This  condition  has  no  analogous  counterpart  in a compres-  
sible  fluid.  Unlike  water,  however,  internal  energy  changes  in a gas 
result   in  an  increase  in  entropy.  Moreover,   when  the bow shock is 
curved,  an  entropy  gradient is introduced on the  downstream  side of the 
shock  wave;  and  the  flow  immediately  behind  the  shock is rotational  (ex- 
cept  for  the  flow  on  the  centerline)  in  accordance’with  Crocco’s  vorticity 
law.  The  degree of rotation is dependent  upon  the  curvature of the  bow 
shock  and  the  density  ratio  across  the  shock. 

These  and  other  differences are presented  and  discussed  in  greater 
detail  in  Section IV. They are mentioned  here to  s t ress   that   th is   discus-  
sion  is  qualitative in nature and  limited to the  observable  flow  pattern 
s imilar i t ies .  

In  the  vicinity of the  body in  both  fluids, two separate  and  distinct  regions 
are   formed.   Immediately  adjacent  to the  body,  a  boundarylayer  develops 
that is marked  by  various  gradients.   Outside  the  boundary  layer  exists 
a region  that is inviscid. In this  region,  the  hydraulic  analogy  predicts, 
quali tatively,   the  increased  gas  density  from  the  free  stream  by  an  ana- 
logous rise  in  water  level.  As the  flow  passes  the body, expansion  in 
both  fluids  occurs  in  which  the  boundary  layer forms the  recirculating 
base  region,  the  wake  neck,  and  the  downstream  viscous  wake.  The  in- 
viscid  region  expands  about  the  corner  and  occupies  the  region  outside 
the  edge of the  viscous  wake.  In  the  process of expansion,  the  fluids  per- 
form  in  an  analogous  manner  in  the  inviscid  region.  The  gas  undergoes 
a decrease  in  density  and  an  increase in Mach  number.  In  water, a cor -  
responding  level d r o p  occurs  accompanied  by  an  increase  in  Froude  num- 
ber .  a The  gas  then is recompressed  a t   the  wake  neck  with  the  formation 
of the  recompression  shock.  In a geometrically  analogous  manner,  the 
water  undergoes a rise  in  its  level  accompanied  by a hydraulic  jump. 

Other  observable  flow  phenomena  in  gases  are  also  visually  apparent  in 
water.  An  example  is  the  compression  shock  formed at the  junction to 
a flare.  Secondary  imbedded  shocks,  such  as  the l ip  shock,  which  form 
at a sharp  base  corner  and  result  from  an  over-expansion  and  subsequent 
compression of the gas ,  are-also  bel ieved to have a typical  geometrical  
counterpart  in  water.  Careful  analysis of water  results,   however,   is  
necessary  to avoid  confusing  capillary  ripples  prevalent  in  water  with 
hydraulic  jumps.  This is par t icular ly   t rue in regions  where  secondary 
o r  weak  jumps  occur. 

Thus,   geometrically  similar  patterns  are  formed  between two fluid  flows 
about a body  in  supercrit ical  flow. These  patterns,  however,  are  not 
equivalent,  and  the  processes  undergone  are  not  the  same.  Nevertheless, 

“Froude  number,   as  used  in  this  report ,   is   the  ratio of local  velocity  in  water 
to the  surface  wave  propagation  velocity and is analogous to Mach  number  in 
a gas. 
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the  flow of water   appears ,  at least ,  to be  qualitatively  indicative of the 
flow of a compressible  gas. 

- b.  Data  Trends  and  Independent Parameter Effects 

Some  typical  results  obtained  with  the tow channel  in  this  program  are 
presented  in  the-  following  discussion.  This  discussion is as qualitatively 
applicable to wind-tunnel test data   as  it is to the   topchannel  test results 
being  discussed. 

Data  trends  resulting  from  changes  in  the  Froude.  number,  selected  geo- 
metr ical   parameters ,   or   angle-of-at tack  are   presented  in   Figures  2 
through 7. Figure 2 presents  results  for three ogive-block  configura- 
tions. It can  be seen from  Figure 2 that  the bow angle  decreases  with 
ei ther   an  increase  in   Froude  number  or   an  increase  in   the  ogive  f ineness  
ratio.  The  ogive  shape,  however, has little  apparent  influence on either 
the  approximate  wake  neck  location, as determined  by  the  convergence 
point of the  hydraulic  jump  legs  (analogous to the  recompression  shock 
legs  in a gas),  or  on  the  divergence  angle of these  legs. As might  be ex- 
pected, the latter two parameters   increase and decrease  respectively 
with  increasing  Froude  number. 

Example  blunt body data is provided  in  Figure 3 .  Here,  the  primary hy- 
draulic j u m p  is detached  in all cases.  Again,  the  trends  experienced  are 
consistent  with  those  obtained frbm wind-tunneltests. An increase  in 
Froude  number  results  in a decrease  in  primary  jump  detachment  dis- 
tance  and  higher  local  Froude  number  values  along  the  body  surface. 
This,  in  turn,decreases  the  expansion  angle  which  increases  the  magnitude 
of the  approximate  wake  neck  location  parameter,  xo/D  and  reduces the 
magnitude of the  trailing  wave  divergence  half  angle, E . The  difference 
in  the xo/D values  for  the  cylinder  and  the  half-cylinder  can  be  attributed 
primarily to flow separation  that  is  slightly  delayed on  the  continuous 
cylindrical  surface. 

Flow results over  slender  and  blunt  wedges are- presented  in  Figures 4 
through 6. It is immediately  apparent  that-  the  previous  discussion is 
generally  applicable to  these  shapes  with  respect to  the  free-stream 
Froude  number. A s  indicated  by  Figures 4 and 5, an  increase  in wedge 
angle  has  an  effect  on  data  trends  opposite to that of an  increase  in  
Froude  number.  The effects of rounding the base  shoulders  are  shown 
in  Figure 6. In  general,  the  effect is small, with  the  approximate  wake 
location  being  the  most  affected.  Again,  the  trend is logical  considering 
the  mechanisms  involved  in  flow  separation. 

One observed  phenomenon  reflected  in  Figures 2, 4, and 5 is the  existence 
in  the  tow  channel of attached  normal  hydraulic  jumps.  Such a situation 
is incurred  for  deflection  angles of 10  deg  and 12.66 deg at Fr, = 1 . 5  
as shown  in  Figure 4 (8 = 90 deg).  These  often  occurred at or  near  the 
critical  angle  between  attached  and  detached  shocks as predicted  by 
oblique  shock  theory  for a y = 2 gas.  The  existence of attached  normal 
jumps is not predicted  by  oblique  shock  theory,  and  consequently  present 
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an area of possible  theoretical  interest.  In  water, it appears that once 
the  theoretical   cri t ical   angle  has  been  reached, a decrease  in   Froude 
number  or  an  increase  in  wedge  angle still can  be  tolerated  without  de- 
tachment of the  shock  wave. 

Figure 7 presents  angle-of-attack  effects  for  the  indicated  configurations. 
For  the  wedge-block,  the  data  shows  the  hydraulic  jump to be  attached at 
small angle-of-attack  values. A s  the  angle of attack  increases,  the  wave 
angle  increases on the  upstream  side and decreases  on the  downstream 
side. It is  noted  that at M = 2.5  and a = 15  deg,  only  one  attached  wave 
angle (9,) data  point  is  obtained.  This  is  consistent  with  gas  results  be- 
cause  the  flow  over  the  upper  (downstream)  surface  is  entirely  expansion- 
a r y  ( 6 = 12.66 deg). A t  larger  angle-of-attack  and  smaller  Froude-nun- 
ber  values,  the  jump is detached as illustrated  in  the  lower  portion of 
Figure 7A. For  the  120-deg  wedge,  the bow j u n p  is detached  in all 
cases.  The  general  decline in stand-off  distance  with  increased  angle of 
attack is attributed to  the  combination of increasing  bluntness  but  de- 
creasing  effective  size. 

Data  trends  presented  thus  far  are  generally  consistent  with  results  that  
might  be  anticipated  from  wind-tunnel  experiments  or  theoretical  predic- 
t ions.   These  results  are  generally  typical of similar  data  obtained  for 
several  other  configurations  in  the  tow  channel  experiments.  There 
were,  however,  some  observed  water  flow  phenomena  which  cannot  be 
considered  even  qualitatively  correct  for a gas. One of these is the  effect 
of freestream  water  depth on  the  geometrical flow pattern,  in  particular, 
on the  primary  hydraulic  jump.  This  effect  has no counterpart   in a gas. 
A second  effect  is  that of model   s ize  on the  base  separation  point. 

Tow  channel  data  presented  in  Figure 8 show  the  effect of model  size on 
xo/D. When the  nondimensional  character of the  dependent  xo/D  parame- 
ter  and  the  posit ive  size  effect   indicated  are  considered,  i t   must  be  con- 
cluded  that  such  effect  does,  in  fact,  exist  and  that  similar  results  in a 
gas  would  not  be  anticipated  to  the same degree.   Furthermore,   as  indi-  
cated  by  the  cylinder  data,  results  were  obtained  in  which  the  flow  followed 
the  body  contour  to  the  extent  that  the  wake  neck  appeared  to  form  at  the 
base  face of the body. This  latter  phenomena  is  geometrically  similar  to 
a "blown"  wake;  although,  in  this  case, no trailing body is present  which 
would alter  the  basic  wake  structure.  

The  size  effect ,   in  general ,  is, attributed  to a fo rm of the  "Coanda  effect, 'I 

in  this  case,the  tendency of water to "wrap"  itself  about  even  sharp  cor- 
ners  such  as  exist   at   the  base of a wedge.  Hence,  flow  separation  may 
not occur at the  base  edge,  for  example,  but  may  actually  continue  around 
the  body (at a reduced  height  level,  however)  and  finally  separate  from  the 
base  surface.  The  pattern of separat ion  appears   as  if i t   had  resulted 
f r o m  a much  smaller  model. 

The  Coanda  effect  in  water  is  considered  to  result  from a combination of 
a very low boundary  layer  velocity  in  the  water  and  its  comparatively 
high  value of surface  tension.  The'  degree of wrapping  observed  appears 
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to  be  largely  dependent on model  geometry,  being  less  pronounced  on 
configurations  having  well-defined  base  separation  points  (such as exists 
at  the  base of a wedge,  for  example).  Also,  the  effect  is  less  severe  on 
large  models  than on smaller  models of the  same  geometry.  Hence, 
from  the  standpoint of wake  analysis,  it   is  desirable to use as la rge  a 
model  as  practical. 

From  the  data   inFigures  2 through 7, some  direct   comparisons  with 
predicted  gas  results  can now be  made.  Other  comparisons,  which  in- 
volve a correlat ion  analysis ,   are   discussed  in   Sect ion IV. 

Some  experimental  and  theoretical  wedge data relating to the  primary 
wave are  presented  in  Figure 9. In  Figure 9A, tow  channel  wave  angles 
are  compared  with  theoretical   results  for  the  "hydraulic  gas.  I' The  theo- 
re t ical   values   are  f rom graphical  results  obtained  by  applying  the  follow- 
ing  equation  (oblique  shock  theory): 

M sin 8 - 1 2 2  

tan6 = (2 cot 8 )  cx) 

2(y + cos 2 8 )  + 2 

Of course y is   se t   equal  to 2 for  the  "hydraulic  gas"  rather  than to the 
customary  value of 1 .4  fo r  air. The  experimental  wave  angle  actually 
exhibits  some  curvature  with  the  angle  at   the  shock  tail   approaching  the 
limiting  Mach  angle.  Accordingly,  the  angles  used  in  Figure 9 are   those 
obtained  by  constructing  tangents to the  waves  in  the  immediate  vicinity 
of the  wedge  apex.  Experimental  and  theoretical  data  agree  very  well. 

In  Figure 9B, experimental  and  theoretical  standoff  distances  are  given 
fo r  some  "blunt"  wedges.  The  theoretical  data  was.obtained  using 
Moeckel's  geometric  equation. 2 

where 

Pmax = maximum  stream  tube  deflection  at  a 
given  free-stream  Mach  number, 

RBI = radial dimension of body  in  plane  con- 
taining  body  sonic  point  (the  base  plane 
for  wedges, for  example) 

S = shock  standoff  distance,  and 

l '  = body  length  from  nose to plane  con- 
taining  sonic  point. 
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This  equation is based  on  the  assumption  that  body  geometry  forward of 
the  sonic  point is not  influential  in  determining  the  combined (s + & I )  value. 
This  assumption is not  completely  valid  because it is known from  ex- 
perimental  data  that  the  body  shape  ahead of the  sonic  points  does  have 
secondary  effects. 

A comparison of the  results of Figure 9B shows  that  the  theoretical  val- 
ues  predict a larger  standoff  distance  than  were  obtained  in  the  tow  chan- 
nel;  particularly  at  the  lower  Froude-number  values. 

3. FOREBODY WAKE PROFILES 

- a. Prel iminary  Discussion 

During  the  course of the  tow  channel  test   program,  several   at tempts  were 
made to determine  local  Froude  number  values  in  the  trail ing  wakes of 
various  forebodies,  because  such  information  was  potentially  useful  in 
the  analysis of high-speed  compressible  wakes.   Consideration of the 
shallow-water  tow  channel as a potential  analytical  tool  in  the  investiga- 
tion of high-speed  wakes is not  without  precedent.  Babish3  discusses  the 
possibility  and  provides  information  which  correctly  shows,  in a qualita- 
tive  manner,  the  existence of a Froude  number  defect  in  the  water  wake. 

To quantitatively  predict  compressible  gas  wake  properties  from  tow- 
channel  water  data,  however,  the  following  major  problem  areas  must  be 
resolved: 

1. Tow-channel  results  must  be  relatable to proper- 
t ies of a real   gas  as  opposed to the  hypothetical 
gas  specified  by  the  gas-hydraulic  analogy. 

2. Physical   character is t ics  of the  water  wake  may 
differ  substantially  from  those  obtained  in a gas. 

3 .  Satisfactory  determination of the  water  wake  charac- 
terist ics  must  be  possible.  

Problem  Area  3 ,  the  m.easurement  and  calculation of the viscous  and  in- 
viscid  water  wake  characteristics, is discussed  in  I tem 3, b,  below.  Prob- 
lem  Areas  1 and 2 are   discussed  in   Sect ion IV. 

- 

- b. Determination of Wake Froude  Number  Profiles 

(1) Methods of Predicting  Local Wake Values 

Three  different  approaches  were  employed  in  attempting to find a sat is-  
factory  method  for  determining  local  Froude  number  values  in  the  water 
wake. 
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Slender Wedge Method 

The first method  involved  placing a slender wedge  (analytical  wedge, 
5-deg  half  angle)  in  the  wake of the test body.  The  Froude  number im- 
mediate-ly  forward of the  wedge  apex  then  was  predicted  from  the bow 
wave  emanating  from  the  apex.  Predicted  values  along  the  wake  center- 
line  at  different axial wake  stations  were  obtained  in  this  manner.  Lat- 
eral  values,  although  not  found,  could  be.  obtained by  placing  the  wedge 
at different lateral stztiuns. Photographs  were  taken of the  two-body 
configuration  during  each  test  run,  and  the  appropriate  measurements 
were  obtained  from  these  pictures. To do this,  tangent  lines t-0 each  
wave  were  drawn  in  the  vicinity of the  wedge  apex. 

Blunt-Body  Method 

The  second  approach  involved a similar procedure  except  that a blunt 
body (analytical  blunt  body)  was  used  in  the  wake  in  place of the slender 
wedge. With this  method,  the bow wave  standaff  distance  from  the  blunt 
body (a 4-in.  -diameter  half  cylinder  with  its  flat  face  forward)  was  ob- 
ta ined  f rom  free-s t ream  tes t~  resul ts   where  the  f ree-s t ream  Froude  num- 
ber  was known. This  blunt  body  was  placed at severa l  axial wake  stations 
to  predict  centerline  values.  Lateral  values,  although  not^ obtained,  could 
be found by placing  the body at various  lateral   stations.  

Application of Sttzreo  Camera/Projectora 
~ 

The  third  method  invqlved  the  application of the  stereo  camera/projector 
facility  available at Wright-Patterson A i r  Force  Base.  This  approach is 
inherently  more  involved  than  either of the former  methods  and  requires 
use of special  photographic/projection  equipment7  The  method  is  at 
least- as accurate as the  other two methods  and  offers  the  additional  ad- 
vantage of enabling  the  user  to  obtain  complete  radial  profile  from a 
single  test. ___ 

In  this  method,  the  test  subject  and  surrounding  flow  field  are  photo- 
graphed  simultaneously  from two different  locations.  The  processed 
images  (formed  on  transparent  glass  slides)  are  then  projected s o  that  an 
analogic  three-dimensional  stereo  model is created.  Water  depth  contour 
maps are then  constructed  from  these  stereo  models,  permitting  the a p -  
plication of the  hydraulic  analogy  and  other  mathematical  relationships. 
To  facilitate  the  use of this method, a blunt-body  (a 4--in. half  cylinder 
with its flat face  forward)  was  placed  in  the  trailing  wake of the  test  body. 
The  change  in  water  level  across  the half cylinder's  standoff bow wave 
then is related to the  Froude  number  immediately  forward of the  wave. 

A s  predictions  by  this  method  are  based on a change  in  water  level, it is 
instructive to present  the  theoretical  mathematics  involved.  Babish4 

aA complete  description of this  equipment  and its physical  application is given 
in  Volume 11 of this  report. 
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provides  the  mathematical  relations  necessary  to  theoretically  describe 
the  physical  changes. 

Equations for  normal   hydraul ic   jump  are  as follows: 
1 

Equations for 

d, 

where 

- 
d2 2 1. 2 1  - =  (2Frl  + - F. 
dl 

d2 
- 

2 dl = (2)  +" + (?) 'I. 
I 

a slant  hydraulic  jump  are  as follows: 

1 

1 
2 
- 

2 + 8Fr12sin 8) 
ti = tan -1 

(3 
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Equations ( 3 )  through (8) provide  the  relationship  between  the  total-to- 
static  depth  ratio  and  the  static  depth  ratio as well  as  the  relationship  be- 
tween  the  Froude  number  and  the-static  depth  ratio  because  the  water in 
front of the  body  (in  particular,  along  the  centerline) is stagnated.  This 
is of concern  here  because  the  hydraulic  jump is not a near  discontinuity 
as is its counterpart,  the  shock  wave,  in a gas.  Consequently,  the  static 
water  height  immediately  behind the wave  but  in  front of the  blunt  body 
was  not  detectable as the  water  level  continued to rise  until  it-came to 
res t   near   the body. Fo r  this reason, it is necessary  to have  relation- 
ships  available  which  include a total  depth  value  behind  the bow wave. 

With these  relationships,  wake  Froude  number  profiles  were  determined 
by  the  following  procedure: 

1. With the  use of stereo  contour  maps,   the  ratio 
(dt,  2/dl)  along the centerline  was  calculated  and 
the  corresponding  (x/D)  value  imrnediately  forward 
of the bow wave  was  determined.  (Note:  the bow 
wave is normal  across  the  centerline and y/D = 0) 

2. With the  use of  equation^ 4, the  centerline  value of 
(d2/dl) and d2 was  calculated. 

3 .  A line  that  contains  the  centerline  value of d was 
constructed  parallel to the  bow  wave.  This  fine is, 
approximately,  the  locus of the  static  depth  values 
behind  the  shock  for  the  applicable  lateral  range 

4. Static  depth  ratios  (dz/dl)  were  calculated  and,  with 
equation ( 3 )  o r  ( 6 ) ,  the  local  Froude  number  value 
in  front of the  wave  was  determined.  Corresponding 
values of (x/D)  and  (y/D)  then  were  recDrded. 

In  Procedure 3 ,  above,  the  distance  between  the  front of the  hydraulic 
jump  and  the  constructed  parallel  essentially  defines  the  "effective'  thick- 
ness" of the  wave. A s  was  mentioned  earlier, it is not a near  discon- 
tinuity as is the  shock  wave  in a gas.  The  effective^ thickness  appears to 
increase (i. e.  , the bow wave  "flattens  out'!)  with  increasing  lateral  dis- 
p lacement ram  the   t ra i l ing  body. For  these  tests,   however,   the  trail ing 
blunt  body  (reversed  half  cylinder)  more  than  spanned  the  viscous  region 
of the  wake  and  generated a bow  shock  that  was  nearly  normal to the axial 
flow  for a considerable  distance  into  the  inviscid  wake. 

Because  this  flow  region  generally  encompassed  the  area of interest,  the 
assumption  made is considered a good approximation.  This  condition im- 
poses  no  inherent  restrictions on  tow  channel  testing  in  general  because 
a comparatively  large  trailing  body  presumably  could  always  be  used. 

In  Item 4~, no s t r eam tube-deflection  was  considered.  This  can  be  justi- 
fied  by  the  near-normal  wave  shape  in  the  region of interest  indicating 

20 



that  deflections would be small. Also,  the  desired  local  Froude  number 
values  are  not known beforehand.  Hence,  the  tracing of s t reamlines  
through  the  wave  could  be  done  only  with  some  difficulty;  possibly  through 
an  i terat ive  procedure  whereby  successive  approximations of the  desired 
Froude  number  are  obtained. 

(2) Local Wake Froude  Number  Results 

Results  obtained  using  the  three  previously  described  methods  are  pre- 
sented  and  discussed  below.  As  previously  indicated,  the first two meth- 
ods  involve  simple  geometric  comparisons  while  the  latter  method  uses 
mathematical  relationships  theoretically  applicable to a water  flow. 

In  Figure 1 0  data are presented  that  indicate  the  results  obtained  using 
the  slender  wedge  method.  One  aspect of these  data  which  is  readily  ap- 
parent  is   that   the  local  data  trends  are  irregular  and  inconsistent  while 
general   t rends,   where  they  seem to ex is t ,   a re   cont ra ry  to what would be 
expected.  One  possible  explanation  is  the  difficulty  encountered  in  making 
accurate   measurements  of the  wave  angle  in  the  vicinity of the  wedge 
apex. Measurements  were  taken  from  conventional  two-dimensional 
photographs.  From  these  photographs,  the  existence of the  nonuniform 
wake  s t ream  forward of the  slender  wedge  was  indicated  by  the  curvature 
of the  attached bow wave  produced by  the  wedge.  The  degree  of  curva- 
ture  compounded  the  difficulty of making  accurate  measurements  near 
the  wedge  apex. Also, secondary  effects on local wave  angles  may be 
produced by  the  adjacent  conditions. In nearly all cases,   however,   i t   can 
be  observed  that  a Froude  number  defect  was  correctly  indicated. 

Results  obtained  using  the  blunt  body  method  are  presented  in  Figure 11 
f o r  three  different  configurations.  In  these  data,  little  or no Froude  num- 
ber  defect  in  the  wake is indicated.  These  results  tend to indicate  that 
bow  wave  standoff  distance  (although  not  necessarily  the  wave  shape it- 
self)  is a poor  indicator of wake  conditions.  The  reasons  for  this  are not 
clear  although  lack of accurate  representative  measurements  may  pose 
part of the  problem. Wave oscillations  resulting f rom small fluctuations 
in  the  velocity of the  test  configuration, f o r  example, are a definite  pos- 
sibility. 

Results  obtained  with  the  stereo  camera/projector  equipment  for  three 
representative  forebody  configurations  are  presented  in  Table I. It can 
be  seen  from  the  table  that   the  profiles  obtained  are  not  purely  lateral .  
This  results  from  following  the  contour of the  trailing  hydraulic  jump to  
obtain  the  local  upstream  Froude  number  values. 

In  Figure 12, lateral  Froude  number  profiles  are  plotted f o r  the  configura- 
tions of Table I. These  data  were  obtained  by  extrapolating  between  the 
profiles  indicated  in  Table I. Results of Figure 12 appear to be at leas t  
qualitatively  indicative of compressible  gas  wake.  The  nondimensional 
Froude  number  values at the  centerline appea r  to be  reasonable,  although 
the  order  in  which  they  occur  with.respect to the  axial  wake  station  is 
somewhat  inconsistent.  Those  portions of the  curves  that  are  above  the 
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TABLE 1 - HYDMULIC  JUMP COORDINATES  AND 

LOCAL  FROUDE  NUMBER VALUES 

(STEREO CAMERA/PROJECTOR METHOD) 

\ \ \ 
H Y D R A U L I C  JUMP I 2 3 

Hydraulic 

location 
jump 

Wedge-block 
wake  data 

3.40 
3.42 
3.54 
3.74 
3.89 
4~. 00 
4.24 

5. 54 
5.55 
5.63 
5.75 
5.95 
6.05 
6.05 

7.75 
7 .  92 
3.10 
3.23 
3. 38 
3. 51 
3.55 - 

~ 

.Y 
D 

0.000 
0.155 
0.304 
0.538 
0.925 
1.230 
1.610 

0.000 
0.154 
0.462 
0.730 
1.120 
1.460 
1.840 

0 .000  
0.230 
0.770 
1.190 
1.770 
2.190 
2.620 

~~ ~ 

- F r  

Fra3 

0.850 
0.850 
1.000 
1.240 
1.720 
1.430 
1,190 

0.772 
0.773 
0.850 
0.970 
1.040 
1.260 
1.120 

0.795 
0.840 
0.880 
0 .900  
0.922 
1.070 
1.020 

I 
I 

12  O-deg-wedge 
wake  data 

- X 
D 

3. 98 
3.98 
4.07 
4.07 
4.05 
4.03 
4.03 

5. 90 
5.95 
6.02 
6.04 
6.07 
6.16 
6. 30 

7.75 
7.80 
7.80 
7.82 
7.85 
8.05 
8.04 

y: 
D 

0.000 
0.040 
0.265 
0.392 
0.490 
0.687 
0.842 

0 ,000  
0.115 
0.688 
1.040 
1.200 
1.450 
1.760 

0 .000  
0.186 
0.431 
0.920 
1.080 
1.630 
1.710 

- F r  
Fr 

03 
___= 

0.720 
0.723 
0.784 
0.874 
1.390 
1.350 
1.200 

0.840. 
0.840 
0.855 
0.973 
1.315 
1.240 
1.090 

0.850 
0.8 50 
0.855 
0.880 
0.910 
0.946 
1.210 

Blunted  wedge- 
block-flare  wake  data 

X - 
D 

4.95 
4.97 
5. 06 
5. 17 
5.20 
5.26 
5. 3 4 ~  

6.75 
6.86 
7.12 
7.43 
7.55 
7.60 
7.66 

11.14 
11.16 
11.20 
11.25 
11.37 
11.50 
11.78 

y: 
D 

0 .000  
0.229 
0.486 
0.887 
1.057 
1.230 
1. 515 

0.000 
0.143 
0.628 
1.544 
1.915 
2.110 
2.480 

0.000 
0.286 
0.686 
0.944 
1.370 
1.515 
2.165 

Fr - 
F'oo 

0.764 
0.780 
0.480 
0.820 
0.860 
0.956 
1.060 

0.810 
0.810 
0.890 
0.875 
0.910 
0.955 
1.070 

0.825 
0.830 
0.845 
0.855 
0.875 
0.890 
0.910 
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freestream  Froude  number  value  are  representative of the  gas  case  in  the 
vicinity of the ret-ompression shock  where  the  flow  expansion  results  in 
local  Mach  number  values  in  excess of the  free-stream  values.  As in a 
gas,  the values reach  some peak  and  then  decline  toward  the  free-stream 
value.  In  this  regard,  the  order of the curves is entirely  consistent  and 
correct.  Certain  differences  between  these  results  and  gas  results do 
exist,  however.  These  differences,  along  with  comparative  data,  are 
discussed  in  Section IV. 

- c.  Comparison of Theoretical  and  Experimental  Results  across a Near- 
Normal  Hydraulic  Jump 

Of the  methods  for  predicting  local  wake  Froude  number,  the  stereo 
camera/projector  -method  seems  the  most  promising  although  the  va- 
lidity of the  method is dependent  upon  the  accuracy of both  the  equations 
used  and  the  assumptions  made. To  indicate  the  validity of this  method, 
the  following  results  obtained  from known upstream  conditions  are  pre- 
sented.  These  results  are  also  used  in  Section LV for  correlation of 
water  and  gas  results. 

During  the  program,  tests  were  conducted  with  an  analytical  blunt body 
(reversed  half  cylinder)  located  in a uniform  freestream  flow, i. e. , with- 
out a leading  body.  Stereo  photographs  of  these  tests  were  taken  and  the 
data  subsequently  were  reduced to  water-depth  contour  maps. A typical 
map  is schematically  shown  in  Figure  13  where it is apparent  that  both 
the  free-stream  depth  and  Froude  number  are known parameters.  The 
static  depth  ratio,  determined  as  previously  described, is used to predict 
the  free-stream  Froude  number.  These  results-then  can  be  compared 
with  the  actual  values.  Typical  comparative  results  are  tabulated  at  the 
bottom of Figure 13  where the predicted  values  were  determined  using 
Equation (6). Extremely good agreement is seen to exist,  well  within  both 
the  tolerances  on  the  actual  free-stream  Froude  number  and  the  accuracy 
of the  depth  values  used.  These  results  tend to support  the  validity of the 
theoretical  equations  previously  presente-d  and  add  credence to their  a p -  
plication  for  wake  profiles. 
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a. - 

SECTION 111 - THEORETICAL WAKE ANALYSIS AND DEVELOPMENT 

ACCOMPUSHMENTS 

The  initial  development of a method  for  carrying out wake  calculations 
for  axisymmetric  bodies is presented  in  Reference 5. In  the  present  pro- 
gram,  these  equations  were  extended to include  wake  calculations  for 
two-dimensional  bodies  and  combined  with  the  previous  results to fo rm a 
gene ra l   s e t  of unified  equations.  In  addition,  the  modifications  required 
to provide  the  capability of calculating  wake  profiles  for  two-dimensional 
and  axisyrnmetric  bodies  in  subsonic  and  incompressible (M = 0)  flow 
regimes  were  established.  Hence,  the  present  method of solution is suit- 
able  for  flow  environments  ranging  in  Mach  number  from  zero to hyper- 
sonic  (not  including  temperature  effects of dissociation  and  ionization). 
Finally,  wake  calculations  can  be  made  for  any  gas  which  can  be  repre- 
sented  by  an  effective  specific  heat  ratio  and  gas  constant  and  for  which a 
Prandtl   number of one is a reasonable  assumption. 

SUMMARY O F  BOUNDARY LAYER AND FOREBODY  FLOW  FIELD  CAL- 
CULATION  PROCEDURE 

One necessary  prerequisite to any  wake  analysis is the  development of 
suitable  boundary-  layer  and  forebody-flow-field  equations.  The  detailed 
mathematical  development of these  equations,  from  Reference 5, is given 
in  Appendixes A and B. In  general,  laminar  boundary  layer  calculations 
a re   ca r r i ed  out with  the  use of local  similarity  solutions  by  Kemp,  Rose 
and Detra6 for  compressible  flow.  An  approximate  turbulent  boundary 
layer  solution is obtained  using  the  methods of Reshotko  and  Tucker. 7 
Forebody pressure distributions are predicted,  when  necessary,  using 
tangent  wedge,  tangent  cone,  or  Newtonian  flow  theory. 

TWO-DIMENSIONAL VISCOUS  WAKE ANALYSIS 

Formulation of the  Viscous Wake  Problem 

Any  calculation of the  properties of the  high-speed  wake must include  both 
the  viscous  and  inviscid  wake  regions.  The  former  may  be  either lami- 
nar  or  turbulent  in  nature  and is an  extension of the  boundary  layer of the 
body  into its downstream  region.  The  properties of the  inviscid  wake,  on 
the  other  hand,  are  primarily  influenced  by  the  presence of shock  waves 
in  the  flow  field of the  body, i. e. , the  bow  shock,  wave or  various  embedded 
shock  waves.  Thus,  any  variation  in  the  properties of a wake  from  those 
of the   f ree   s t ream  a re   due  to the  presence of non-isentropic  phenomena 
in  the  flow  field. 

An  integral  method is applied to the problem of determining  properties of 
both  laminar  and  turbulent  viscous  wakes.  Important  assumptions  con- 
tained  in  the  theory  are: 
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1. 

2 .  

3 .  

4. 

5. 

The  fluid is thermally  and  calorically  perfect  and 
there   a re  no chemical  reactions  or  other  real-gas 
phenomena. 

Both  the  molecular  and  turbulent  Prandtl  numbers 
are   uni ty  (Pr = 1). 

Prandtl’s  concept of viscous  flow  phenomena is 
valid  for  the  high  speed  compressible  wake s o  that 
gradients  in  the  streamwise  or  axial   direction  are 
much  smaller  than  those  normal  to  the  wake  axis;  
thus,boundary  layer  equations  may  be  used. 

Details of the  base  flow  and  free  shear  layer re- 
gions  may  be  largely  ignored.  Thus  the  region of 
validity  for  the  present  analysis  must  be  consid- 
ered  to  extend  from  somewhere  in  the  vicinity of 
the  wake  neck or  further  downstream and  on  down 
into  the  far  wake. 

Effects  due  to  the  existence of an:external  pressure 
gradient  are  negligible. 

Use of such  assumptions  simplifies  the  method  presented  in  this  report. 
They  are  justified on the  basis  that  they  permit  the  development of a solu- 
tion  which,  to a first approximation,  provides good results  (see  Reference 
5 and  Section  IV of this  document).  Basic  governing  differential  equations 
for  two-dimensional  flow,  in  accordance  with  Assumption 3 ,  above,  are: 

1. Continuity - 

2.  Momentum - 

3 .  Energy - 

The  coordinate  system  in  which  these  equations  are  written is shown  in 
Figure  14.  For  laminar  flow  the  properties  in  the  above  equations  are  the 
conventional  local  properties,  while  for  turbulent  flow  u,  v, p, and p mus t  
be  interpreted  as  time-averaged  quantities  (as  opposed  to  the  fluctuating 
component of each of these  properties).  Viscosity, p , takes a different 
form  for  laminar flow  than  for  turbulent  flow as will  be  discussed  later. 



V E L O C I T Y   P R O F I L E ,  U(X, r) 

Figure  14 - Viscous Wake  Coordinate  System 

The  solutions of Equations ( 1  0) through (12)  as applied to a wake  will 
take a diss imilar   form,  i. e. , they  will  not  reduce to ordinary  differential  
equations  using a conventional  boundary  layer  transformation.  The  only 
suitable  methods of solution would be  numerical   ones  using  various  f inite- 
difference  schemes.  Such  solutions  are  time-consuming;  therefore, it is 
of in te res t  to consider  the  application of the  Karman-Pohlhaussen  integral  
method.  Such a general  method  has  been  applied  previously to axisym- 
metric  wakes  and  will  be  used  here  in  the  analysis of the  two-dimensional 
cas  e. 

In  such  an  integral  method,  the  governing  equations  are  the  integrated 
forms of the axial momentum  and  energy  equations.  As  applied to a wake 
and  using  Assumption 5, these  equations,  in  differential  form,  are: 

I 
F O R E B O D Y  

R A D l A L   V E L O C I T Y ,  V 

W A K E   C E N T E R L I N E  

0 

; i ;(p1ul2~l ) = O 
d 

and 

-(p d u H 0 dx 1 1 1 TI 

whe r e  
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and 

These  represent  the  momentum  and  energy  defects  respectively;  using 
Assumption 5, both  may  be  shown to be  constant  with  respect to x. Fo r  
example,  because  the  pressure  gradient  has  been  assumed to be  negli- 
gible,  there is no external  work  being  done on the  wake  and  the  momentum 
and energy  defects  must  be  constant.  Thus, as the  trailing  wake  grows, 
its  momentum  and  energy  defects  are  spread  out  over  an  increasingly 
larger  area due to the  viscous  and  thermal  conduction  transport  phenomena 
and remain  unchanged. 

In Equations (13) through (16) above, e l  is the  momentum  thickness  and 

% is the  total  enthalpy  thickness. 

By  ignoring  the  details of the  base  flow  and  shear  layer  regions  and  as- 
suming  that no external  work  is  done  on  the  wake  fluid  in  these  regions, 
then  the  wake  momentum  defect  may  be  evaluated  by  equating it to the 
momentum  defect of the  boundary  layer  at  the  base of the  forebody.  This 
may  be  stated  mathematically as 

where  the  subscript  "1"  refers to properties  associated  with  the  outer 
edge of the  wake,  and  the  subscript "B" to properties at the  base of the 
vehicle  where  the  boundary  layer  separates. p B  and UB are  inviscid 
properties,  while D is  the  forebody  base  diameter for' the  axisyrnmetric 
case.  

The  energy  defect  may  be  directly  related t o  the  momentum  defect fo r  
Pr = 1 and  thus  it-takes a form  s imilar  to that of Equation  (17). It is 
these two related  defects of energy  and  momentum  that  tie  the  wake  to 
the  forebody  boundary  layer.  To  carry  out  quantitative  calculations, 
the  forebody  boundary  layer  characteristics  must first be  calculated. Of 
particular  importance is the  boundary  layer  momentum  defect  and  the 
calculation of this  quantity  for  the  case of an  arbitrary  pressure-gradient 
and a laminar or turbulent  flow  (including  transition). 

With the  momentum  and  energy  integral  equations  available,  as  well  as a 
means  for  relating  the  corresponding  defects t o  the  forebody  boundary 
layer,  the  wake  profiles  are  then  determined  using  assumed  polynomial 
forms  in  which  coefficients  are  determined  from  suitable  boundary 
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conditions.  Such  a  general  analysis  will  be  carried  out  in  the  next  part 
of this  section  for  two-dimensional  laminar  and  turbulent  flows. 

b. General  Solution of the  Viscous Wake Problem 

In  carrying  out a momentum  integral  method  of  solution  for  two-dimen- 
sional  laminar  and  turbulent  viscous  wake  flow, it is the  momentum  in- 
tegral  equation,  in  the  form of Equation (l?), that will   be of most interest .  
This is the  equation  which  the  final  solution  must  satisfy.  The  governing 
differential  equations  primarily  provide a means  for  obtaining  additional 
boundary  conditions to be  imposed on  the  solution.  The  solution  obtained 
will  not  satisfy  the  normal  continuity,  momentum,  and  energy  equations 
exactly; it is only  the  mean  properties  of  the  flow  that  are  obtained. On 
the  other  hand,  the  sacrifice  in  exactness  is  in  many  cases  more  than 
compensated  for  by  the  resulting  simpli'fications  in  the  method of calcu- 
lation. 

To  obtain a solution  for  the  wake  velocity  profile, a transformed  coordi-  
nate  system is introduced  where fo r  the  two-dimensional  case 

dn = dr .  
p 1  

This  is  generally  called a Dorodnitzyn  transformation;  and  in  this  new 
x, n coordinate  system,  the  wake  thickness A i s  found through  integration 
to be 

dr. 

where 6 is  the  actual  wake  thickness o r  radius  in  physical  coordinates. 

A nondimensional  variable, 

then  may  be  introduced s o  that TJ = 0 at the  center of the  wake  and Q = 1 
at the  outer  edge  where y = d  . In this x, 77 coordinate  system it is as- 
sumed  that  the  velocity  profile  may  be  expressed  as 

Here,  u1 is the  velocity at the  edge of the  viscous  wake  and  the ai*s a r e  
coefficients  in  the  fourth-order  polynomial  which  are  functions  only of 
x and  not of 7?. These  coefficients  are  determined  from  the  following 
boundary  conditions. 
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At  the  centerline of the wake,  where r = 9 = 0: 

2. X-direction  momentum  equation  must  be  satisfied. 

At  the  outer  edge of the  wake,  where r = 6 and 49 = 1: 

1.  Velocity is equal  to  that  from  inviscid  flow, i. e . ,  
u = u  1' 

2. Velocity  gradient is zero,  i. e. , au/ar = au/ao = 0. 

3 .  Second  deriv  tive of the  velocity  is  zero,  i.  e. , 
a2u/ar2 = aPu/aQ2 = 0. 

Applying  these  boundary  conditions,  one  can  force  the  resulting  form  for 
the  two-dimensional  velocity  profile to be  identical to that  for axisym- 
metric  flow, i. e . ,  

by  defining E, the  form  factor, to be 

Here  the  subscript, 0 ,  refers  to  wake  centerline  conditions. is s imilar  
to the  pressure  gradient  parameter  in  the  Karman-Pohlhaussen  solution 
for  two-dimensional  boundary  layers.  The  wake  centerline  velocity is 
related to [ through  the  equation 

t U 
- =  1 "*  
24 

0 

u1 

At  the  rear  stagnation-point, = 24 and  uo = 0; while at x = 03, uo = u1 
and [ =  0. 

It is necessary  to  also  consider  the  relationship  between e l ,  the  wake 
momentum  thickness,  and A. This is obtained  from  Equatlon (1 5); and 
upon  transformation,  substitution,  and  integration  results  in 

for  two-dimensional  flow. 
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Using  Equation ( 2 3 ) ,  the  general  relation f o r  5 as a function of x now may  
be  obtained  through  integration.  However,  in  doing  this, a f o r m  for  the 
centerline  viscosity, p must  be  specified, as well   as  the  centerline  den- 
sity, po. The  former gill depend  on  whether  the  flow is laminar   or   turbu-  
lent  and  the  type of viscosity  model  chosen.  The  latter,  on  the  other  hand, 
is obtained  from  the  solution of the  energy  equation. 

Using  the  energy  equation  and  the  solution  for  the  wake  enthalpy  profile, 
it may  be  shown  that  for  the  case of Pr = 1 and fo r  a zero  pressure  gradi-  
ent  this  solution  gives a particularly simple f o r m  in  which  the  total  en- 
thalpy H is given  by  Crocco's  equation as 

Here  the  constants C 1  and C2 may  be  re-expressed  using  the  conditions 
that  when u = u , H = Ho, and u = u1, H = Hi.  The  resulting  equation 
for  H  then  has  t8e f o r m  

U 

H, - H u. . 1" 
1 I 
" 

H I - H  - 
0 

U 

1" 0 

Although 
of the  wa 

H1 
ke, H is not known  and must  be  determined  from  application of 

the  energy  integral  equation,  Equation  (14).  Transforming  this  equation, 
substituting,  and  comparing  with  the  momentum  integral  equation, it may 
be  shown  that 

is known from  the  inviscid  flow  conditions  at  the  outer  edge 

0 

whe r e  

Here QT is  the  total  enthalpy  thickness, k, is  the  gas  enthalpy  based  on 
the  temperature of the  body,  and UB is  the  velocity at the  base of the body 
where  the  boundary  layer  separates.  Equation (29) resul ts   f rom  matching 
the  forebody  boundary  layer  and  viscous  wake  defects. 

1 

Knowing  the total  enthalpy profile, the  static  enthalpy  may  be  obtained 
from  the  relation 
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2 
h = H-- 

2 ,  
U 

and  the  gas  density  from the equation of state 

p =  L E  
y - 1 h '  

Thus,  to  complete  the  viscous  wake  solution,  only two tasks still remain. 
One of these is to  determine  the  relationship  between r and q. This  may 
be  done  using  Equation  (18)  and  integrating.  The  result is 

The  wake  displacement  thickness  can now be  readily  calculated as 

- ( l  - 30 + t 2  )- 1 +&] (33)  
2016 

The  second  task is to determine  the  relationship  between (c'and x. This 
will be  done  using  Equation  (23)  and is discussed  in  Item 3, c y  below  for 
three  separate  cases.  Once  this  relationship is known, the: for a given 
x and  wake  outer  edge  conditions, [ can  be  determined,  the  wake  thick- 
ness  can  be  determined  fromEquation ( 2 5 ) ,  the  velocity  profile  can  be 
determined  as a function of 4' fromEquation (22),  and  the  enthalpy  profile 
can  be  determined  fromEquations  (28)  through ( 3 0 ) .  These  may  then  be 
transformed  into  physical  coordinates  using  Equation  (32)  to  complete  the 
s olution. 

- c. Complete  Viscous Wake Solutions  for  Special  Cases 

(1) General 

Consideration of the  relationship  between  and x for  the  following  three 
special  viscous  wake  cases o r  models  completes  the  analysis  in  Item  3,  by 
above : 

- 

1. Conventional  laminar  wake 

36 



2. Two-dimensional  laminar  "cylindrical"  wake 

3. Conventional  turbulent  wake 

The  second  wake  model  constitutes a special   laminar  wake case  f o r  axi- 
sy-mxnetric  flow. It ar ises   f rom  considerat ion of the  wake  problem  when 
a thin  tow  cable  or  riser  line is assumed to connect a decelerator  with  the 
forebody,  and,  thus,  imposes a no-slip  condition  along  the  wake  center- 
line.  Such a consideration,  therefore, is appropriate  here. 

The  concept of a laminar  "c  lindrical"  wake  model f o r  axisymmetric  flow 
is considered  well-founded,  and as applied  here  refers  only to the  logi- 
cal   extension of that  case.  Such a model is conceptually  valid  (although 
possibly  not  realistic)  for  two-dimensional  flow  and  alters  the  results  ac- 
cordingly.  In  this  discussion,  the  word  "cylindrical" is used to denote 
the  extension  from  the  axisy-mmetric  case,  and  should  be  interpreted  as 
meaning a two-dimensional  laminar  wake  of  constant  thickness  unless 
otherwise  indicated. 

For  the  turbulent  wake  model no such  special   counterpart   apparently 
exists  even  in  the  axisy-mmetric  case. It is hypothesized  that  the  no-slip 
condition,  when a riser line is present, is satisfied  by  the  thin  laminar 
sublayer  existing  at  its  surface.  Consequently,  the  viscous  turbulent 
wake  profiles  may  be  calculated  using  the  mathematical  formulation  for 
a conventional  turbulent  wake. 

: 2 )  Conventional  Laminar Wake 

As was  indicated  previously,  in  order t o  evaluate  Equation ( 2 3 )  and  obtain 
[ a s  a function of x, it is necessary to specify a relation f o r  the  viscosity 
coefficient. F o r  laminar  flow,  the  viscosity  may  be  assumed to have a 
linear  dependence on the  fluid  temperature, i. e. ; P/RIT = constant. 
Since  in  this  analysis  the  radial   pressure  gradient  is   assumed to be  zero, 
then  from  the  equation of state it may  be  shown  that P P  is  constant  with 
respect  to r and  that P Y  = PIPl.  Equation ( 2 3 )  may  then  be  written  as 

U 
0 2 p1  duo 

( k 2 - n  " 
u1 w l  dx (34 

Because 

U 
0 E - = 1 - - -  

u1 24 ' 

then 

duo - u1 d t  - - "- 
dx 24 dx * 
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Furthermore,  the  relationship  between A and [is known from  Equation 
(25). Substituting  these  results  into  Equation  (34)  yields  the  following 
results:  

where O/A is given  by  Equation (25).  Because Po has  not  been  specified 
in   t e rms  of 6 o r  x, these  variables are not  yet  uniquely  related to each 
other.  This is accomplished by first using  the  equation of state,  

I = -  
Po RITo 

then  substituting  for  the  static  enthalpy  from  Equation ( 3 0 ) .  With the  use 
of Equation ( 2 8 ) ,  P, then  may  be  expressed as 

=Y P1 
y - 1  eT  

H 1 -  (+) H1 (1-2) -24 U 
0 

Because  the  relationship  between uo/ul and 5 is known, Equation  (35), 
upon  rearranging,  may  be put in  the  form 

Re 
X 

Re e 

f 
4 

2 4  

4 -24 
1 2 7  e‘ 

n 

(37 1 

where e/A is taken  from  Equation (25). H-ere x is measured  from  the 
point  where  the  wake  centerline  velocity  physically is zero, i. e. , the   rear  
stagnation  point.  For known flow  conditions,  the  above  equation  gives  the 
variation of with x. This is shown  in  Figure 15 for  the  two-dimensional 
case.  Using  Figure 15 and  the  results of Item 3, b, above a complete 
solution  for  the  wake  flow  then  may  be  obtained. 

- 

- 
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(3) Cylindrical  Laminar Wake 

An  approximate  solution  corresponding to this  special   case  may  be ob- 
tained  from  the  previous  results  by  noting that uo/ul equal to ze ro  is 
equivalent to 6 equal to 24. Thus,  the  properties of a cylindrical  wake 
may  be  obtained  by  setting 6 equal to 24 in  the  previously  derived  equa- 
t ions.   Form  factor,  6 , will  not  depend on x for  this  simplified  case  be- 
cause  there  will  be  complete  similarity  between  the  transverse  profiles 
at all axial wake  stations. 

For this case,  the  wake  velocity  profile  then is given  by 

- = 60' - 8?? t 30 ; U 3 4 
u, 

and  the  transformed  wake  thickness,  by 

- = 8.75 ,  A 
e (39) 

where 81 is determined  from  equating  the  wake  momentum  defect to the 
momentum  defect of the  forebody  boundary  layer, as mentioned  previously. 
For a slender  body  with a zero  axial pressure  gradient  in  the  wake  region, 
€I1 is constant  and  thus A is a lso a constant.  The  wake  thus  has a constant 
thic  kne s s . 
For such a wake,  the  solution to the  energy  equation (Pr = 1) is similar 
to that  given  in  Item 3 ,  h, above,  and may be  written as 

H 
" - 1"" 

h h w u  W 

H1 H1 u1 H1 
" " 7  

where hw is the enthalpy of the  gas at a temperature  equal  to  that of the 
tow cable or r iser   l ine .  With the  velocity  and  enthalpy  profiles known, 
the  wake  characteristics  can  be  completely  determiaed.  The  transformed 
and  physical  coordinates  then  can  be  related  using  Equation  (32)  for 6 = 24 with  the  result  that 

7 
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When the  above  equation is applied at 4' = 1, the  actual  wake  radius  or 
thickness  can  be  re.lated to the  transformed  thickness; i. e. , 

6 H1 h - = - 0.09 + (0 .69 )  - + (0.40) - 
A hl hl 

W 

With Equations (38) through (42), the  solution  is  complete  with  the  proper- 
t ies  being  clearly  specified  in  terms of the  forebody  boundary  layer 
characterist ics  and the inviscid  properties at the  edge of the  viscous 
wake. It should  be  noted  that  in this solution  the  variation  in  properties 
with x is controlled  by  the  change  in  the  inviscid  flow  field  with x since 
the  solution is effectively a constant  solution  and  there is no  meaningful 
relationship  between 6 and x (except fo r  the  statement that ,$ is constant). 

As previously  mentioned, the applicability of this  model to the axisyrn- 
metric  wake is well  founded  and  the  concept of a cylindrical  wake is sup- 
ported  both  from  the  viewpoint of theory  (e. g., in  the limit of a   r iser   l ine  
o r  tow  cable of infinitesimal  diameter) as well  as  by  limited  experiments 
(References 5 and 9). For  the  two-dimensional  case,  however,  the  basic 
argument  no longer  holds. Now the  tow  cable is a plane  lying  along  the 
axis of the  two-dimensional  viscous  wake;  and  even if  this  plane is infini- 
testimal  in  thickness,   there  will  still be  skin  friction  work  done  on  the 
wake  and  the  viscous  wake will in   fact   jus t  be an  extension of the  boundary 
layer  on  the  body. On the  other  hand, if there   i s  no  tow  cable  and  thus 
no corresponding  plane on  the  wake  axis,  then  the  viscous  wake  will  just 
be a conventional  wake.  This is true  even i f  a decelerator is placed  in 
this  wake  as  long  as  there  is a sufficient  separation  between  the  forebody 
and  decelerator s o  that  the  wake is not  "blown. I' 

It is actually  this  latter  case  which is more   rea l i s t ic   in   t e rms  of any two- 
dimensional  testing that might be  done in  the  development of a decelera-  
tion  system.  Thus,  the  question  becomes  whether  the  two-dimensional 
cylindrical  laminar  wake  model,  which  corresponds  to a constant-area 
viscous  wake, is a reasonable  approximation of this latter  type of wake. 
Unfortunately,  the  answer  to  this  question is not  completely  clear. It is 
known  that  laminar  wakes  initially  grow  more  slowly  than  turbulent  ones 
and that the  two-dimensional  laminar  wake  grows  more  slowly  than  the 
axisymmetric  laminar  wake, at least  for  the  cold  wall  case.  The flat 
plate  data of Batt  and  Kubota, lo  for  example,  indicate a laminar  growth 
rate such  that  the  wake  thickness  increased  by  fifty  percent  over a dis - 
tance of 10  body  lengths. F o r  a slender  body, this could  correspond  to a 
distance  on  the  order of a 100 base  diameters;  and  this  in fact would  rep- 
resent  a slow  growth  rate - slow  enough  that  over a distance of 10 base 
diameters  the  wake  might  be  considered as approximately  constant  in 
thickness. It appears,   however,   that  it is not  possible to generalize on 
the  applicability of the  two-dimensional  cylindrical  laminar  wake  model. 
For   some cases it may be  quite  good. For  other  cases,   however,  it may 
not  be  adequate  and  the  conventional  two-dimensional  laminar  wake  calcu- 
lation  procedure  should  be  used  where f and x are   re la ted  as shown  in 
Figure 15. 
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(4) Turbulent Wake 

For turbulent  flow, a different  form  for  the  viscosity  relationship  must 
be  chosen  than  that  used  for  the  laminar  case.  In a turbulent  flow,  the 
viscosity  coefficient is only  an  effective  one  (artificially  introduced  due 
to the  manner  in  which  the  governing  equations  are  expressed)  and is r e -  
lated to the  momentum  transfer  caused  by  the  fluctuating,  mixing  type 
motion.  Four  different  mathematical  forms  for  the  turbulent  viscosity 
coefficient  are  discussed  in  References 5 and 11. Al l  of these  equations 
may  be  expressed  using  the  following  general   form: 

The  results of Reference 5 and of this  study  indicate  that  the  best  corre- 
lation is obtained  using  values m = 1, n = 0 and = 0 ,  i. e. : 

A s  discussed  in  Reference 5, the  value of K must  be  determined  experi-  
mentally.  In  this  study  (see  Section IV) the  best  results  were  obtained 
using K = 0.02. 

Substituting  Equation (43) into  Equation (23) results  in 

Substituting  for u0!u from  Equation ( 2 2 ) ,  where D = 0, and  Equation (25) 
and  rearranging  ylel a s the  following  integ-rable  form: 

To solve  Equation (46), it is first necessary  to express Po as a function 
of e. Equation (46) can  be  rewritten as 
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Equation  (47)  now  can  be  substituted  back  into  Equation (46) and  the re- 
sulting  integration  can  be  carried  out  numerically.  In  this  integration, 
the  lower limit on [ is to which  occurs at x equal x and is the  effective 
starting  point of the  wake  with to and x. defined  as  %,fore.  Calculations 
have  been  carried  out f o r  the  two-dimensional  case  as p a r t  of this  effort 
and are   presented  in   Figures  16 and 17. 

In  Figure  18  the  varia.tion  in  the  parameter (K/e) (x - xo) with t i s  compared 
for  two-dimensional  and  axisymmetric  wake  flow at a Mach  number of 3. 
As  may  be  seen,  large  differences  exist,  not  only  between  the  cold  wall 
and  adiabatic  wall  cases f o r  each of the two types of wake  geometry,  but 
more  importantly  between  the  two-dimensional  and  axisymmetric  cases 
at the  same  wall  condition. 

d. AsvrnDtotic Wake Behavior 

One measu re  of the  suitability of any  approximate  method of analysis is 
to check  on  the  asymptotic  behavior of the  wake  solutions  obtained  for 
large x corresponding to the far wake.  Taking  the  laminar  case first, it 
may  be  shown f r o m  Equation  (37)  that  in  the limit of large x o r  small [, 
then x is  proportional to i. e. , : 

Because 6 cc A fo r  tsmall and A cc[ -l, then 

Also, 

and 

For  the  turbulent  wake  case, it may  be  seen  f romEquat ion (46) that,  for 
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Viscosity  Model 4 (Equation 44), the  asymptotic  behavior  will  be  such 
that  for  large x 

x = c y 2 .  (51 1 

Here  again,  for small E ,  6 <x3 A and A m 6-l. Thus,  for  the  turbulent 
cas e 

1 
2 
- 

s s x .  

It, furthermore,  follows  that 

and 

Thus,  for  the  two-dimensional  case 

1 
2 
- 

doc X 

and 

U H 1 
" 

1 - - o c l "  0 
O a = X  . L 

u1 H1 

2 
" 

( d o c  x for axisymmetr ic   case)  

These  equations are all in  agreement  with  the  results  in  Reference 8. 

4. TWO-DIMENSIONAL  INVISCID WAKE SOLUTION 

(54) 

To  describe  completely  the  trailing  wake  behind a supersonic  body,  both 
the  viscous  inner  wake  and  inviscid  outer  wake  characteristics,  e. g., 
velocity,  density,  and  temperature  profiles,  must  be known. The  calcu- 
lation of the  viscous  inner  wake  depends  on  the  forebody  boundary  layer. 
An analysis of the  two-dimensional  case  has  been  discussed  in  the  pre- 
ceding  pages.  The  inviscid  wake  characteristics, on the  other  hand, 
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depend  on  the  forebody bow shock  wave  strength  and  shape,  and  the  sub- 
sequent  expansion  over  the  body.  Approximate  calculations of this  por- 
tion of the  wake  flow may  be  carr ied out using a mass  flow  balance  and 
certain  assumptions  concerning  the  physical  nature of the  flow. 

Consider a supersonic  vehicle  where it is assumed  that  the  vehicle bow 
shock  wave  shape  and  the  pressure  distribution  along  the  wake axis a r e  
both known, from  either  experiment  or  theory.   For  blunt  bodies  at   hyper- 
sonic  speeds,  blast  wave  theory  may  be  used  to  approximate  both  the bow 
shock  shape  and  the  pressure  distribution on the  wake  axis.  For  super- 
sonic  speeds, on the  other  hand,  the  pressure  in  the  wake  may  be  approxi- 
mated  as  being  equal to  pa, the   f ree   s t ream  pressure ,  and  the  shock 
wave  shape,  though  not as cri t ical ,  would in  general  be  obtained  from 
either  numerical  flow  field  calculations  or  experiment. 

By maintaining  conservation of mass ,  a mass balance  may  be  written 
which  relates  the mass flow  in  the  free  stream  at  the  shock  through  an 
element of area  in   the  f ree   s t ream of unit  width  and a distance rs in 
height  and a similar area  in  the  wake  region a distance r in  height.  This 
re  lation is 

Note that  the  integration of the  right hand side of Equation  (55)  starts at 
a>::, instead of zero  to  account  for  the  displacing of streamlines  by  the 
viscous  wake  phenomena.  The  wake  displacement  thickness, 6'%, is de- 
fined  by  the  relation 

and may  be  determined  from  Equation (33) .  

Equation  (55)  may  be  considered to be a relation  between  properties on a 
streamline  passing  through a point: on the bow shock  at  a shock  height-rs 
and properties on the  same  streamline  downstream of the  body at a point 
A ,  a distance r from  the axis of the  wake. With the bow shock  shape 
known, then a specific  value of xS corresponds to specific  properties im- 
mediately  behind  the bow shock  for  the  streamline  passing  through  that 
point. If it is assumed  that  the  flow  is  isentropic  in  expanding  from  the 
shock  wave  on  downstream  to  point A ,  Equati0-n  (55) is a relation  be- 
tween two points  with  the  same  entropy,  or,  in  other  words,  the  same 
total  pressure.  The  assumption of isentropic  flow  behind  the  bow  shock 
means  that  any  secondary  shocks (e. g . ,  the  recompression  shock  where 
the  wake  necks  down)  produce  negligible  changes  in  entropy. 
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Equation (55) thus  provides a means fo r  calculating  the  total   pressure  or 
entropy at point A, a distance r from  the  wake  axis.   Furthermore,   the 
total  enthalpy is known since  the  inviscid  flow  may  be  considered  adiabatic. 
Finally,  with  the  pressure  distribution  along  the axis of the  wake  known, 
an  es t imate  of the  static  'pressure  in  the  inviscid  wake  can  be  made  by 
assuming  that   there   are  no pressure  gradients  radially  in  the  wake  region, 
i. e. , dp/dr = 0. The  complete  state of the  gas  at a  point A in  the  inviscid 
wake is thus  completely  specified  in  terms of the  total   pressure,   the   total  
enthalpy,  and  the  static  pressure. 

To facilitate  calculations  using  the  above  analysis,  the  following  trans- 
formation is introduced: 

pudr = p V dm. 
m m  

x = x. 
1 

Equation  (55)  may  then be rewri t ten  as  
m 

o r  

9 
where 6, is the  transformed  displacement  thickness,   and 

(57 1 

Thus,  from  Equations  (59) and (60), and  assuming 6" known from  an  analy- 
s i s  of the  viscous  wake,  the  entropy  and  total  pressure at a point A, lying 
a distance m from  the  axis in the  transformed  plane,  may  be  determined 
as being  equal to that  immediately  behind  the bow shock  wave a t  a height 
r s. With the  total   pressure-  or-entropy known for % st reamline,  and  with 
an   es t imate  of the  static  pressure,  the  local  Mach  number at point A may 
be  determined.  This,  together  with  the total  enthalpy,  gives  the  static 
enthalpy o r  temperature.  The  complete  state of the  gas,  including  the 
velocity  and  density, at such a point  is  thus  specified;  and  the  variation 
in  fluid  properties  in  the  transformed (my X I )  plane  may  thus  be  deter- 
mined.  To  transfer  the  results  back  into  the  (x, r)  plane,  Equation (57) 
may  be  used  with  the  result  that r and m are  related  by  the  equation 

.L 
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Since p,V,/pu is known as a function of m, this  calculation  may  be 
readily  carried  out  using  numerical  techniques  for  the  integration.  The 
variation of such  fluid  properties as velocity,  Mach  number,  and  tem- 
perature  may  thus  be  calculated as a function of r ,  the  radial  distance 
from  the axis of symmetry.   Previous  results of such  calculation  are  re- 
ported  in  References 12 and  13. 

UNIFICATION O F  VISCOUS  AND INVISCID WAKE RESULTS 

General 

To provide a generalized  wake  calculation  procedure  applicable to both 
two-dimensional  and  axisymmetric  flow,  the  results of the  present  analy- 
sis as  described  in  I tems 3 and 4 have  been  combined  with  those of the 
previous  axisymmetric  analysis, 5 These  unified  results  are  summarized 
in  Tables I1 and I11 where  the  equations  actually  used  in  wake  calculations 
are  presented. 

Unified  Viscous_- Wake Results 

For  the  viscous  wake  case,  the  important  equations  are  those  in  Table ITA 
which  includes (1) equations  for  matching  the  wake  and  boundary  layer 
momentum  defects; (2)  velocity  profile  items of the  transformed  radial 
coordinate, q ; ( 3 )  definition of the  viscous  wake  form  factor; (4) trans-& 
formed  wake  thickness, A; (5) viscous  wake  displacement-  thickness, 6 ‘”; 
(6) total  enthalpy  profile  as  related to the  velocity  profile;  and (7) the  re- 
lationship  between  the  actual  physical  radial  co~ordinate, r ,  and  the  trans- 
formed  variable, 4. In  these  equations,  the  convention  used is that j = 0 
for  two-dimensiona1,flow  and j = 1 for  axisymmetric flow. 

These  equations,  together  with  such  standard  relations  as  the  thermal 
equation of state,  

the  total  enthalpy  equation 
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TABLE I1 - UNIFIED VISCOUS WAKE RESULTS 

c Equation  number 

Text 
:ounterpart 

A - Viscous  wake pro- 
files and  thickness 

Matching of boundary 
layer and wake mo- 
mentum  defects 

Velocity  profile 

u1 
F 

Form  factor 

Momentum  thickness 

Displacement  thickness 

17 

22 

23 

25 

3 3  

Unified 

62 

63 

64 

65 

66 

Unified result 
* 

5 = (60' - 8 v 3  t 3q4 - 1 ) z ; i  6 t 1 
u1 

* I 

In these  equations, j = 1 for  axisymmetric flow,  and j = 0 for  two-dimensional flow. 



TABLE 11 - UNIFIED VISCOUS WAKE RESULTS (Continued) 

T 

Total  enthalpy pro-  
file 

Radial  coordinate 

Equation  number 

Text 
counter  part 

28 - 29 

32 

Unified 

67 

68 

T 
Unified result 

* 

* 
In these  equations, j = 1 for axisyrnmetric flow,  and j = 0 fo r  two-dimensional  flow. 



37 

Unified 

6 9  

70 

Unified r e  s ult 
>$ 

TABLE 11 - UNIFIED VISCOUS  WAKE RESULTS (Continued) 

Equation  number 

Text 
counterpart 

B - Form  factor  equa- 
tions  for  described  vis- 
cous wake cases 

Laminar  conventional 
wake 

en 
w 

Laminar  cylindrical 
wake 

* - 
In these  equations, j = 1 for  axisymmetric  flow,  and j = 0 for  two-dimensional  flow. 

1 .dc 
i t  

(= 24 



TABLE I1 - UNIFIED VISCOUS  WAKE RESULTS (Continued) 

T 

Turbulent wake 

Equation  number 

Text 
counterpart 

46 

47 

Unified 

71 

72 

T 
Unified results 

* 

P P m t l - j + P  ( 1/ 0) 

I 
. _  d t  

(1  - ~ ) ( p l / p o ) p -  t 

where 

$1 7- 1 2 
" - l t -  
P O  2 M1 

j + l  

-( 1 + y M l i ) @ )  

* 
In these  equations, j = 1 for  axisymmetric flow,  and j = 0 for  two-dimensional  flow. 



TABLE 111 - UNIFIED INVISCID  WAKE RESULTS 

T 
DescriDtion 

Radial  streamline  coordi- 
nate at the  shock 

Transformed  displacement 
thickness 

Radial  streamline  coordi- 
nate  in  the  inviscid wake 

Equation  number I 
Text 

counterpart 

59 

60 

61 

Unified 
* 

Unified result 

tC 
In these  equations, j = 1 for  axisymmetric flow; j = 0 for  two-dimensional  flow. 



and  those  that  relate  static  and  total  flow  properties  are,  with  one  excep- 
tion,  sufficient  for  the  calculation of the  viscaus  wake  properties. 

The  one exceptionis  the  equation  relating  theform  factor  with  the  axial, 
x/d,  position  in  the  wake.  'The  required  equations  for  this  are  presented 
in  Table  IIB.  For two of the  three  cases  presented - the  conventional 
laminar  and  turbulent  wake  cases - the  equations  are of an  integral  form 
and their  evaluation must be  carried  out  numerically.  Only  for  the I1cy- 
lindrical"  wake is the  form  factor  equation  relatively  simple. 

Knowing the  properties at the  edge of the  viscous  wake,  e. g . ,  the  pres- 
sure,   velocity,  and total  enthalpy,  and knowing  the  wake  momentum 
thickness  based  on  the  matching of the  wake  and  boundary  layer  momentum 
defects, a complete  viscous  wake  solution  can  be  carried  out fo~r  both two- 
dimensional  and  axisyrnmetric  flow. 

- c.  Unified  Inviscid Wake Results 

With regard to the  inviscid  wake,  the  necessary  equations for carrying 
out  calculations  have  been  unified  and  summarized  in  Table 111. The 
same  j-convention is used  here,  and  the  equations  presented  include  those 
required for calculating (1) the  point  where  the  streamline  crosses  the 
bow shock  wave, (2) the  transformed  viscous  wake  displacement  thick- 
ness ,  and (3)  the radial location of the  streamline  in  the  inviscid  uake 
region.  These  equations , together  with  the  previously  mentioned  standard 
relationships,  complete  the  inviscid  wake  analysis  and  allow  for  the  calcu- 
lation of two-dimensional  and  axisynmetric  inviscid  wake  flows. 

6.  PROGRAM  MODIFICATIONS  FOR SUBSONIC OR INCOMPRESSIBLE 
WAKES 

If calculations  are  to be car r ied  out  for  subsonic  or  transonic  free 
stream  conditions, o r  for the limiting  case of incompressible  flow,  there 
are  some  minor  modifications  that  need  to  be  made. In discussing  these, 
consider  first  the  case of subsonic,  but  not  incompressible,  flow.  This 
case is presently  handled  with  virtually  the  only  changes  being  in  terms 
of the  inputs to the  calculation.  For  example,  the  forebody  static  pres- 
sure  distribution is inputted  in  terms of body position  and  the  local  total 
pressure is inputted as equal  to  the  free  stream  total  pressure  for  all 
point-s onthe  forebody.  Best  results  are  achieved when  the  forebody 
boundary  layer  transition  criteria is inputted by the  user  (instead of re- 
lying  on  the  internal  transition  Reynolds  number  correlation)  and  the 
wake  transition  Reynolds  number,  Re , is  inputted  since  the  correla- 

tion  for  it  is  particularly  poor  for M I  less  than  unity.  Finally,  for  the 
subsonic  case, no bow shock  wave  shape is  used  and  no  inviscid  wake 
calculations  are  carried  out.  IVshould be  noted here  that  the last sen-  
tence  really  contains  the  definition of what  is me-ant  in  the  preceding by 
subsonic  flow.  Thus,  any  flow  without a bow or leading  edge  shock  wave, 
whether  it be purely  subsonic or transonic, is taken  care of in  this  man- 
ner .  

* t r  
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If the  flow is incompressible,   then  there are further changes  to  be  made 
in  the  calculation  procedure.   The  f irst   change is based  on the recognition 
that  an  incompressible  flow is a special  flow in  which  the  Mach  number 
is zero,  but  the  flow  velocity is f ini te .   Thus,   one  must   apr ior i   se t  M,, 
Me,  and M all equal to zero  and  input  the  free  stream  velocit  V,. 
It follows that To = T,, T, = T,, and p t  = pa + 1/2 pmv,gare  also 
inputted.  Furthermore,  everything  which is inputted  for  the  subsonic 
flow  case  must  necessarily  be  an  input  for  this  case  also.  

In  calculating  the  flow  properties  over  the  forebody,  the  local  velocity is 
calculated  from  the  equation 

1 - 
-J 

and  the  density  and  viscosity  are  set   equal to f ree   s t ream  values  po0 and 
Dm which  also  must  be  input  (this  allows  for  fluids  other  than air, e. E., 
water).   The  laminar  boundary  layer  equations as outlined  in  Appendix  A 
are  then  used  in  their   original  form.  However,   for  the  turbulent  boundary 
layer  case two changes  are  made  in  the  equations to be  used.  Thus,  the 
equation 

replaces  Equation (106) of Appendix  A,'and  the  equation 

0.21 55 

0.01173 tT"( D m  ) 
PmUeR 

replaces  Equation (107) of Appendix A. 

Once  the  boundary  layer  properties  have  been  correctly  calculated  with 
the  above  modifications,  then  the  calculation of the  viscous  wake  profiles 
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7. 

may  be  accomplished. It should  be  noted  that  for a local  wake  Mach  num- 
be r  of M -= 1, 

'Tm pT - = -. 
p03 pa l  ' ( 7 9 )  

and  for MI = 0, 

Here u is equal to  Vm for  the  incompressible  viscous  wake. 

MATCHING VISCOUS  AND INVISCID WAKES 

1 

In calculating  the  wake  profiles,  the  viscous  and  inviscid  portions of the 
wake are  calculated  separately and it is necessary to properly  match 
these two regions.  The  viscous  wake is a boundary  layer  type  calculation 
based  on  properties of the  zero  streamline,  while  the  inviscid  wake is d i s -  
placed  by a distance  equal to the  displacement  thickness  and  in  the  present 
analysis is calculated  using a mass  balance  approach.  In  the limit layer 
of-an  infinite  Reynolds  number  (the  only  case  for  which  boundary  layer 
theory is mathematically  exact)  these two flow  regions  will-be  automatic- 
ally  matched.  For  the  finite  Reynolds  number  cases of practical  interest, 
however,  there is a mismatch  in  the  calculated  profiles.  The  procedure 
employed  in this document  was to connect  the  results of the two  wake  por- 
tions  by  simply  fairing  them  together.  Although  reasonable  results  are 
obtained  in  this  manner, it is justifiable  only  from  an  experimental  stand- 
point.  In  Reference 5, an  iterative  procedure  was  used  to  match  the two 
wake  portions.  The  major  criticism of such a method  is  that it implies 
a logical  solution,  but is actually  not-theoretically  justifiable  because it 
fails to account  for  the  matching of the  viscous  wake  profiles  with  inviscid 
profiles of finite  gradients. 

The  method of this  document.  apparently  offers a reasonably  satisfactory 
approach;  although it appears  desi,rable to eventually  account  for  the  finite 
gradients at the  edge of the  viscous  wake  by a more  theoretically  satis-  
factory  method. 
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1. 

2. 

a. - Correlation  Methods 

In  an  attempt to quantitatively  relate  wake  characteristics  in  water  with 
"analogous"  compressible  wake  characteristics  in  air,  correlation  be- 
tween  forebody  inviscid  flow  fields  and  boundary  layers  first  must  be  es- 
tablished. Two potential  flow-field  correlation  methods  were  investigated: 
(1) the  so-called first modification of the  gas-hydraulic  analogy  and (2) 
a direct  correlation  between  theoretical  water  and air results.  The first 
method is suitable  for  predicting  two-dimensional  gas  flow  fields  about 
slender  bodies  with  attached  shock  waves.  The  second  method  is  not 
limited to slender  bodies  but  provides  for  an  accurate  prediction of the 
flow  field  only  in  the  vicinity of the  bow  shock.  Basic  differences  in  the 
s t ructure  of the  boundary  layer  between  incompressible  and  compressible 
fluid  flows  also  indicate  that a general   correlation of the  viscous  wake is 
not  possible.  Under  certain  conditions,  however,  these  differences  may 
not  be too severe  and  a degree of correlation  may  be  achieved. 

As p a r t  of this  correlation  effort, a somewhat  independent  study  was  made 
to determine i f  detached bow  waves  in  free-stream  water  could  be  used 
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SECTION IV - CORRELATION  STUDY 

GENERAL 

In this section,  results  and  developments of previous  sections  are  ana- 
lyzed to determine  their   uti l i ty to the  analysis of two-  and  three-dimen- 
sional  wake  flows.  Specifically,  this  includes (1) a correlation  analysis 
of the  tow-channel  wake  results  with  comparable  results  in a gas  and (2) 
the  investigation  and  correlation of two-  and  three-dimensional  theoretical 
and  experimental  wind-tunnel  wake  results. 

Data  in this section  is  compared  for  three  basic  axisy-mmetric  configura- 
tions  (and  their  two-dimensional  counterparts): 

1. Cone - cylinder 

2. 120  deg  cone 

3. Blunted  cone-cylinder-flare 

These  shapes  were  chosen  because  applicable  wind-tunnel  and  tow-channel 
data  were  generally  available  and  because  they  are  basically  representa- 
tive of a wide variety of different  body  geometries. 

Tow  channel  data  are  obtained  in  various  combinations,  with  approximately 
50 different  forebody  geometries  and 12 different  decelerator  configura- 
tions  (see  Volume II). 

CORRELATION O F  TOW-CHANNEL  RESULTS 



to  predict  the  shape of detached  bow  shocks  in air for  corresponding 
bodies.  Such a capability would be  useful  in  and of itself  since  shock 
shape  coordinates are  a necessary  input to the  theoretical-wake  computer 
program to construct  complete  wake  profiles.  In all cases  considered, 
ve ry  good results  were  achieved  by  comparatively  simple  means.  Be- 
cause  shock  shape  geometry is of interest  to many  high  speed  flow  prob- 
lems, these results, subject to further  substantiation, a r e  considered to 
be  one of the  most  significant  aspects of the  tow  channel  utility. A com- 
plete  discussion of the  method  used  will  be  given  later  in  this  subsection. 

- b. Investigation of the  Inviscid  Flow  Fields 

(1) Flow  Characteristics  Across Shock  Waves  and Hydraulic  Jumps 

As mentioned  in  Section 11, the  basic  gas-hydraulic  analogy  (see  Volume 
11) is strictly  applicable  only to the  so-called  "hydraulic"  gas  which  among 
other  things is isentrapic.  Consequently,  the  basic  analogy  itself is not 
valid  for  gas  flows  in  which  shock  waves  are  present  even i f  all  conditions 
are  satisfied (i. e . ,  y = 2,  flow  irr-otational,  etc. ). The  magnitude of the 
discrepancy  can  be  readily  determined,  however, as follows: 

From  the  analogy, 

2 

= ( 2 ) ;  
therefore, %($) 2 = 1. 

P1 

From  gas  dynamics, 

therefore, 

I 
Y C $(z) = e  V 

The  exact  analogy,  therefore,  requires  that  the  entropy  increase (As )  be 
zero.  The  error  incurred  in  using  the  exact  analogy  can  be  indicated  by 
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plotting  Equations  (81)  and  (82).  This is done  in  Figure 19 where,for 
comparison,results  for  both a y = 2 and y = 1.4  g a s  have  been  presented. 
It can  be  observed  that  the exact   analogy  is   re la t ively  more  accurate   for  
air than fo r  a y = 2 gas,   al though  large  errors  are  incurred  for  both at 
MI s in  8 values  greater  than  approximately 2. These  results  suggest,  
however, that comparatively  good  results  can  be  obtained  using  the  exact 
analogy  for Ml s in  8 values less than  approximately 2. At M1 sin 8 = 2 ,  
the   re la t ive  errors  for  air and  for a y = 2 gas   a re  2 .91  percent  and 5.66 
percent  respectively. With the  use of the  oblique  shock  theory (i. e. , 
Equation (1) from  Section 11), it can  also  be  shown  that, f o r  small deflec- 
tion  angles,  the  wave  angle  produced is nearly  independent of the  specific 
heat  ratio, y .  This is i l lustrated  in  Figure 20 where  wave  angle, 8, has 
been  plotted as a function of deflection  angle, 6 for  the  conditions  indi- 
cated.  Figures 19 and 20  indicate that the  exact  analogy  may  be a reason- 
ably good approximation to the  inviscid  two-dimensional air flow field 
about  slender  bodies. 

( 2 )  First Modification  Method 

The first modification of the  direct  analogy  was  proposed  by  Harleman 
in  Reference 14.  In  that  reference,it  was  demonstrated  that  the  proper- 
ties  behind  an  attached  shock  from a slender  wedge ( 6 = 9 deg)  could  be 
obtained  with good accuracy  by  equating  the  density  ratio  across  the  shock 
in air with  the  depth  ratio  across a hydraulic  jump. It was  shown  there 

1 
T Y P E  G A S  I I 1 /I 

y = 1.4 ( A I R )  
"" y = 2.0 

/ I// I 
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- - - I S E N T R O P I C  / 1 
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MACH N U M B E R  P A R A M E T E R .  MI SIN 8 

~~~~ ~~ 

Figure 19 - Isentropic  Gas  and  Actual Gas Results  Across a Shock  Wave 

61 



T Y P E G A S   M A C H   N U M B E R  

y = 1.4 2 
3 
2 
3 

- ” y = 1.4 
”- y = 2.0 
”” y = 2.0 

DEFLECTION ANGLE. 6 (DEGREES) 

Figure 20 - Attached Bow Shock  Angles at Small  Deflection  Angles 

that  the  depth  ratio  corresponds  more  closely  with  the  density  ratio  than 
i’t does  with  either  the  temperature  ratio  or  the  square  root  of-the  pres- 
sure  ratio.  Hence,  this  technique  used  depth  ratio  to  determineden- 
sity  ratios,  which  in  turn  were  used  to  predict  other  properties  through 
conventional  gas  dynamic  relationships.  The  results  presented  under 
Item 2 ,  b, ( l) ,  above,  and  the  agreement  achieved  between  attached  hy- 
draulic-fumps  and  oblique  shock  theory  (Figure 9, Secti-on 11), tend  to 
support  the  validity of this  method. It is again  emphasized,  however, 
that  the  utility of this  method is confined  to  slender  bodies  that  basically 
satisfied  the  indicated  requirements  of-Figures 19 and 20. 

(3) Direct  Correlation  Between  Theoretical  Air and  Water  Results 

The  question now ar ises   as   to   the  general   case when small  deflection 
angle  assumptions  are  not  necessarily  valid  and MI sin 8 may  be  large. 
This  general   case  presents  problems  that  are not  readily  amenable to a 
simple  analysis.  In  the first place,  the bow wave  shape  in  water  may  be 
substantially  different  from  that  obtained  for a geometrically similar body 
in  two-dimensional air. Secondly,  the air   shock  may  exhibit  a high  rate 
of local  curvature,  especially i f  it .is detached,  producing a large  entropy 
gradient on the  downstream  side.  This  in  turn  makes  the  inviscid  flow 
region  highly  rotational  and,  thus,  theoretically  invalidates  the  hydraulic 
analogy. 
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In  spite of these  limitations, it is believed  instructive to consider  results 
obtained  immediately  behind a detached  bow  wave  in  water  and air. For  
purposes of this  discussion, it will   be  assumed  that   the two shock  shapes 
are   the  same.  

From  the  gas-hydraulic  analogy,  the  total-to-static  water  depth  ratio  is 
analogous to the  total-to-static  density ratio, i. e . ,  

fo r  an  isentropic ,  y = 2 gas.  

Across  a hydraulic  jump,  this  relationship is no longer  valid; - i. e . ,  

d2 p2 - # -. 
dl p1 

The  discrepancy  between  the two ratios  in  the  above  inequality  can  be  de- 
termined,  however.  Across a slant  hydraulic  jump,  the ratio d2/dl is 
given as a function of the  reference  Froude  number,  Frl, by  Equation (6). 
Across  an  oblique  shock,  the ratio p / P I  is  given as a function of Mach 
number  by  the  following  expression from gas  dynamics. 

(y + l)M1 s in  8 2 2  

" 
p2 - 
'1 (y - 1 ) ~ ~  sin e + 2 2 2  

Results  are  plotted  in  Figure 21 fo r  the  water  depth  ratio and f o r  a y = 2 
and a y = 1.4 gas. These  curves  indicate  that  the  water  depth  ratio  cor- 
responds  more  closely  with air results  than  with  the y = 2 gas.  These 
resul ts   are   c losely  re la ted to those of Figure 19  and  constitute a p a r t  of 
the  justification  for  the  first  modified  method  previously  discussed. 

It is   apparent   f romFigure 21B that  reasonably good results  are  obtained 
using  the  depth ratios to approximate  the  density  ratio  behind  the  wave to 
a M sin 8 value of approximately 4 (generally  less  than 10  percent).  This 
value,  in a sense,  is actually  beyond  the  practical  usable  limit of the tow 
channel.  This is because  the  theoretical   water  results  are no longer  valid 
once  "cresting" of the  hydraulic  wave  occurs.  In  the  present  experiments, 
no evidence of this  condition  was  seen  for  the  slender  bodies  tests, and 
other  results  (e. g . ,  Reference  15)  indicate  that  comparatively  high  simu- 
lated  Mach  (Froude)  number  values  can  be  reliably  used.  For  blunt  bod- 
ies,   however,   "cresting"  was  observed  between  simulated  Mach  nmbers 
of 2 .5  and 3.  This  condition  represents  an  analogous  loss  in  the  stagna- 
tion  temperature  and  cannot  be  accounted for  in  the  water-air   correlation. 
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- c.  Boundary  Layer  Considerations 

One  obvious  deficiency of tow  channel test data  and  the  mathematical  cor- 
relation  relationships  available is that  i t  is not  believed  possible t o  gen- 
e ra l ly  relate the resul ts  to a compressible  boundary  layer.   Since it is 
an  extension of the  boundary  layer  which forms the  viscous  wake, this is 
tantamount to  saying  that  the  viscous  wake  profiles  cannot  generally  be 
predicted  from  water  results.   This  lack of correlation  results  from  con- 
siderations  other  than  the  normal  similari ty  parameters  that  must be 
taken  into  account.  Certainly, it is expected  that, at the  very  least,  the 
basic  similari ty  laws  for  the  forebodies (i. e . ,  similar body  geometry, 
gas  Mach  number  equal  to  water  Froude  number,  and  equivalent  Reynolds 
numbers)  would,have to  be  satisfied.  The  relative  initial  size of the  vis- 
cous  wake,  however, is also  determined  by  the  nondimensionalized  boun- 
dary  layer  momentum  thickness at the  base of the  forebody.  In  general, 
this is not  the  same  for a compressible  gas  and  incompressible  water.  
This  can  be shown by  considering  the  nondimensionalized  boundary  layer 
thickness  for a f l a t  plate. 

For  incompressible  flow, 

f o r  compressible  flow, 

where L is  some  characterist ic  length.  From these  equations, it i s  ap- 
parent  that  the dimensions of the  viscous  wake  cannot,  in  general,  be 
equal.  An  indication of the  discrepancy  incurred  in  the  wake is shown 
graphically  in  Figure 22.  These  results  were  obtained  using  the  wake 
calculation  procedure  described  in  Section III. In  one  case,  the  program 
was  modified fo r  incompressible  flow  calculations  using  the  properties of 
water  and a free-stream  velocity  value  corresponding t o  a Froude  number 
value of 2.2 at a water  depth of 0.2-in. To provide  the  desired  compari- 
Sonya  compressible  gas  case  was-also  calculated. F o r  this case  the  free- 
stream  Mach  number is 2 . 2  and  the  model  size  and  free-stream  Reynolds 
number  conditions  are  equivalent to  those of the  incompressible  case. 
The  computer  results  were  used  in  both  cases  in  order  that   control  over 
all other  conditions  could  be  maintained  and  thus  provide  for  an  equal 
reference  base.  It is also  noted  that  the  stereo  model of the  water  wake 
did  not  enable  differentiation  b.etween  the  viscous  and  inviscid  portions. 
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Figure 22  - Comparison  of-Theoretical  Compressible Wake and  Water 
Wake Size  for  Blunted  Wedge-Block-Elare  Forebody 

.From  the  results of Figure 2 2 ,  it- is apparent  that  the  viscous  wakes  are 
not  the  same  size  and  that  water  results, no mat te r  how accurately  ob- 
tained,  will  not  provide  completely  valid  quantitative  compressible  wake 
results f o r  all x/D cases .  It could  presumably  be  argued  that  certain 
boundary  layer  characteristics  between a compressible  gas and water 
could  be  matched  by  altering  body  coordinates or Reynolds  number  condi- 
tions.  Such  techniques  then would violate the- basic  assumed  similarity 
requirements,  however, and it appears  doubtful  that  generally good agree- 
ment  could  be  attained  by  this  method. 

Although  the results of Figure 22 ,  for  the  reason  just  discussed,  indicate 
different  wake  dimensions, it should  be  pointed  out  that a t  the  lower 
x/D-values  the  discrepancy is not  too,severe.  This  suggests  then  that, 
under  certain  conditions,  the tow channel  water  profiles  might still pro- 
vide a reasonably good approximation to  compressible  viscous  wake  re- 
sults.  Intuitively,  one  might  expect  that  the  best  relative  correlation of 
the  viscous  wake  profiles would  be  achieved  when  the  inviscid  flows are 
the  same  since  the  viscous  and  inviscid  wake  flows  are  dependent  upon 
one  an0  the r . 
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- d. Comparison of Tow-Channel  and  Two-Dimensional  Wind-Tunnel  and 
Theoretical  Wake Results 

In  view of the  previous  discussion, it is of interest  now to make  an  actual  
comparison  between  wake  results  for  two-dimensional air and  water.  The 
body  used  for  comparison  due to the  availability of both  tow  channel  and 
wind-tunnel  data  was a slender  wedge-block  (two-dimensional  cone-cylin- 
der)  having a semiapex  angle of 12.66  deg.  Since  the apex angle is rea-  
sonably small and  no strong  secondary  forebody  embedded  shocks  are  pre- 
sent,  the  inviscid  region, to a good approximation,  should  be  predicted  by 
the first modification  approach.  Hence,  this  type of body  should  offer  the 
best  conditions  for  possible  wake  correlation.  The  results  are  presented 
in  Figure 23. It is apparent  that  the  tow  channel  results  (obtained  using 
the  stereo  method of Section 11) slightly  underpredict  the  Mach  number 
recovery  in  the  viscous  region.  The  worst  correlation,  however, is seen  
to exist  in  the  vicinity of the  recompression  shock  where  the  expanded 
flow  has  attained  Mach  number  values  in  excess of freestream.  The  wind- 
tunnel  results  in  this  region  exhibit a rapid  Mach  number  increase  with 
increasing lateral distance  followed  by a more  gradual  decline to the  free- 
stream  value.  The  tow  channel  results,  on  the  other  hand,  exhibit a far 
more  gradual   increase  in   the  same  region  with a subsequent  decline  toward 
the  free  stream  value.  The  difference  between  the two in  this  region  is 
primarily  attr ibuted to the  physical  difference  between a shock  wave  and 

~~~~ ~ ~~~~~~~ 
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a hydraulic  jump. A shock  wave is, of course,  a near-discontinuity  while 
the  hydraulic  jump, as stated  in  SectioriII,  is a more  gradual  process.  

In  connection  with  the  results of Figure 2 3 ,  it is important to point  out 
that  the  Reynolds  numbers  were  not  equal,  although,  in  both  the  water 
and air, it is believed  that  the  viscous  wakes  were  turbulent. 

Comparable  wind-tunnel  data  for  the  120-deg  wedge  and the blunted 
wedge-cylinder-flare  was  not  available  and,  to  indicate-the  degree of 
correlation  with  these  bodies,   i t   was  necessary  to  resort   to  the  use of 
the  wake  solution of Section 111. The  comparative  data is provided  in 
Figure 24 where a wake  axial  station of 5 was  arbitrari ly  selected  for 
both cases.  To  obtain  theoretical  wake  profiles,  corresponding  shock 
shapes  from  the tow channel  were  used. 

In  general, it can  be  observed  that  the  profile  forms  between  the  theoreti- 
c a l  and water  results  are  not  in good agreement.  In  the  vicinity of the 
viscous  wake,  the  theory is regarded to be  more  indicative of the  actual 
case  since  the  two-dimensional  viscous wake  is comparatively  thin  (as 
compared to the  axisymmetric  case). 

In  the  vicinity of the  recompression  shock,  the  water  results  again  reflect 
a gradual  flow  expansion  process  which is not  typical of a gas.  In  this 
region,  the  theory is also  currently  inadequate. 

As pointed  out  in  Item 3 ,  below,  this is not  considered  particularly  re- 
strictive to the  theory's  application  in  the  prediction of decelerator flow 
fields. 

- e.  Correlation of Detached  Air  and  Water  Bow-Wave  Shapes 

(1) General 
As indicated  earlier, a study  was  made  to  determine if three-dimen- 
sional  air  shock  shapes  could be predicted  from tow channel  results  for 
analogous  two-  and  three-dimensional  bodies.  The  results of this  study 
are  encouraging  in  that  ext-remely go-od results  were  obtained  for a lim- 
ited  number of cases  by a relatively  simple  method. In addition,  the 
method  can  apparently  be  extended  to  predict-shock  shapes  for  two-di- 
mensional  bodies at angle-of-attack  values  or  for  bodies of a more  com- 
plex  geometry. 
A simple  approximate  theory  for  predicting  both  standoff  distance  and 
shock m v e  shape  in  two-dimensional  or  axisy-mmetric  flow  was  used to 
provide a means of correlating  the  water  data  with  three-dimensional 
air results.  Consequently,  while  the  theory  provided a means of cor re-  
lation,  the  data  from  thetow  channel  was  in  turn  used to help  empirically 
correct   some of the  deficiencies of the  theory. 

I (2) Development of Correlation Method 

A method  for  predicting  shock  shapes  about  supersonic  bodies of various 
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geometrical  shapes  was  developed by W. E. Moeckel  several   years  ago 
(Moeckel's  continuity  method).  This  method is discussed  in  detail  in 
Reference 2 and some  experimental wind tunnel  data  supporting  this 
method is found  in  Reference 15. Moeckel's  method is an  approximate 
solution,  based  on a simplified-form of continuity  equation,  which  was 
developed  to  predict  the  form  and  location of shock  waves  ahead of two- 
dimensional  and  axisymmetric  bodies.  The two basic  assumptions  used 
to  obtain this solution  are  that: 

1. The  form of the  shock  between  its  foremost  point 
and its sonic  point is adequately  represented by a 
hyperbola  which  asymtotically  approaches a free-  
stream  Mach  line 

2. The  sonic  line  between  the  shock  and  the  body is 
straight and  inclined at  an  angle  that  depends  only 
on f r ees t r eam Mach  numbers 

Under  these  assumptions,  the  location  and  shape of the  shock  wave  become 
independent of the  geometrical  portion of the  body  ahead of the  sonic  point. 
The  solution is thus a function  only  of  Mach  number  and  the  location of the 
body sonic  point.  Mach  number is a well  defined  parameter  and,  thus, 
only  the  body  sonic  point  needs  to  be  defined.  Moeckel  suggests two ap -  
proximate  techniques  for  locating  the  body  sonic  point. 

1. For  bodies  having  sharp  or  well  defined  shoulders, 
the  sonic  point is located  at  the  shoulder. 

2.  For  more  gradually  curved  bodies,  such  as  ogives, 
the  shoulder  is  assumed  to  exist  at  the  point  where 
the  contour of the  body is inclined  at  the  wedge 
angle  or  cone  angle  corresponding  to  shock deta-ch- 
ment. 

With the  application-of  the  above  assumptions,  the  general  form of a de- 
tached  shock is given,  in  Reference 2 ,  a s  

1 - 
1 r = p(xS - x 

S s o  l2 

where 

1 

B = (M1 2 - 1)2 
- 

The  parameters r s  and xs are,  respectively,  defined as the bow shock  ra-  
dial  (or  transverse)  and axial coordinates.  The  parameter xso is  distance 
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along the centerline (r = 0 )  between  the  asymptote  and the foremost  point 
on  the  bow  shock  (see  sketch  below). 

xs 0 

The  necessary  relationships  then  are  developed  in  Reference 15 to obtain 
bow shock  shape  and  location  satisfying  the  general form of Equation (84). 

For  comparing  water  flow  shocks  with  predicted  two-dimension  gas  re- 
sults, no fur ther   correlat ion  re la t ionships   are   required.   To  faci l i ta te   the 
correlation  with  three-dimensional  results,  however,  the  following  form 
equation  for  detached  shocks  also is used: 

r 
2 L = A($) 

n 

where L is a character is t ic  body diameter  and A and n are generally  un- 
known constants,  which  must  be  determined. 

For  convenience,  the maximum body  diameter, D, is used as the  charac- 
teristic  length  value.  Therefore,  Equation (85) becomes 

With the  use of Moeckel's  technique  and  Equation(86),  the  correlation is 
carried  out as follows: 

1. From  water  hydraulic  jump  shapes,   appropriate 
values of constants A and n are   determined  for  
which  agreement of resul ts  is achieved. 

2.  From  Moeckel's  theory  predicted  shock  shape 
equations are obtained  for the Step-1  bodies  in a 
y = 2 gas  and a y = 1.4  gas (air) and  appropriate 
values of A and n are determined. 
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3 .  With the  results of Steps 1 and 2 the  modified Val- 
ues of A and n are  predicted  for  two-dimensional 
a i r .  

4. A similar procedure is applied  to  convert to  three- 
dimension air results,  using  Moeckel's  three-di- 
mensional air prediction  theory  and  the  results of 
Step 3 .  

Steps 1 through 4 can be  clarified  and  summarized  by  the  following  ex- 
pres  sions : 

z 
z1 - 3 
z2 z4 
"- 

and 

"- = 5  - z 6  
Z z 1 2 

where z denotes  values of A or  n,  and  the  subscripti  denote  conditions  as 
follows: 

1 - two-dimensional  air,  modified  results 

2 - two-dimensional  air,  Moeckel's  theory 

3 - experimental  water  values 

4 - two-dimensional  gas (y = Z ) ,  Moeckel's  theory 

5 - three-dimensional  air,  modified  results 

6 - three-dimensional  air,  Moeckel's  theory 

For  axisyrnmetric  bodies  corresponding t o  the  water  test  bodies,  the a p -  
propriate  shock  shape  relation now becomes 

n 2 r = A5($) ', 
D 

where  the  dummy  constant, z 5 ,  of Equation ( 8 9 ) ,  is  replaced  by  the  actual 
denoted  values of A and n. 

The  relationship,  represented by Equation (89 ) ,  i s  now completely  defined. 
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(3)  Comparison  and  Correlation  Results 

(a) Comparison of Water-Gas  Two-Dimensional Bow  Waves 

Comparisons  between  Moeckel's  predicted  theory  and  actual  tow  channel 
results were  carr ied  out   for  a number of configurations.  Some  repre- 
sentative  ones are summarized  in  Table IV. Table IV also  contains  the 

These  values  are  given  since  the  shocks  from  some of these configura- 
tions wi.11 be  later  used  in  the  prediction of the  three-dimensional  shapes. 

I f A f l  and f f n f f  values  obtained  from  the  tow  channel  hydraulic  jump  results. 

TABLE I V  - TOW CHANNEL  CONFIGURATIONS AND 

ASSOCIATED  HYDRAULIC J U M P  PARAMETERS 

Configuration 

Circular  cylinders 

Circular  cylinders 

120-deg  blunted  wedge 

12  0-deg  blunted  wedge 

Circular  cylinder 

120-deg  blunted  cones 

Frm 

1 . 5  

2 . 0  

2.0 

2.2 

2.5 

2 .5  

Number of 
tes ts   used 

3 

3 

3 

2 

A 

3.30 
3.40 
3.40 

2.25 
2.35 
2. 30 

2.76 
2.67 

2. 51 
2.49 
2.50 

2.17 
2 . 1 0  
2.04 

2.30 
2.25 

n 

0.639 
0.555 
0.601 

0. 524 
0.484 
0.644 

0.481 
0.640 

0.476 
0.553 
0.509 

0. 557 
0.566 
0. 598 

0.546 
0.612 

Figures  25  through 30 indicate  the results of comparing  the  water  jump 
shapes  with  predicted  two-dimensional  gas  results.  In  general,  the  ex- 
perimental  water  values  define  profiles  which  lie  between  the  two  pre- 
dicted  gas  results  and  do  not  match  either  predicted  shape. It must be 
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remembered  here,  however,  that  Moeckel's  method is only  an  approxi- 
mate  one  and  the  differences  do  not  necessarily  indicate  the  water  results 
to  be  in  error.  The  inconsistent  trend  in  standoff  distance, as well as 
the  often  rather  large  discrepancies  in  the  predicted  and  observed  values, 
does,  however,  suggest  that  the  hydraulic  jump  location  may  not  be  truly 
representative of the  shock  wave  location  in a y = 2 gas. 

~~ 

(b)  Correlation  with  Three-Dimensional  Results 

Results  obtained  for  the  three-dimensional  case are presented  in  Tables 
V and VI and  Figures  28  through 32 for  the  test  bodies  indicated.  The 
data  presented  in  Tables V and VI are  those  required to predict  the  three- 
dimensional  shock  shapes  as  outlined  in  Item 2,  - e, @ ) ,  above. 

T A B L E  V - E X P E R I M E N T A L   W A T E R  

VALUES OF A AND n FOR SHOCK 

SHAPE RELATIONS 

120-deg  cone 2 . 2  2 . 5  0. 512 

Sphere 2 . 0  2 .3  0. 504 

Flat  plate 2 .2  2 . 2  0. 505 

Results of Figures 31 through  33  show  the  agreement  with  actual  schlieren 
shock  shapes to be very  good. It is noted  that  the  actual  and  predicted 
results  for  the  120-deg  cone  and  the  flat plate  are  at   sl ightly  different 
Mach  numbers.  The  difference of AM = 0.01 is not  considered  signifi- 
cant,  however. 

The  results of Figures 31 through  33  should  not  be  interpreted  as  imply- 
ing  any  correlation  with  respect to standoff  distance.  In  fact,  as  men- 
tioned  in  Item 2 ,  e,  (3),  the  standoff  distances  between  the  predicted  and 
actual  results  mGht  be  expected  to  differ.  This,  however,  does  not im- 
pose  limitations  on  the  wake  calculation  procedure  presented  in  Section 
111, and,  for  many  other  problems of practical  interest, is not  significant. 
A common  origin  was  selected to show  the good agreement  with  respect 
to  the  shape  itself. 

For  the  Cwo-dimensional  case,  the  results  can  be  extended to enable  the 
prediction of bow shock  geometry  when  the body is at a given  angle  of 
attack.  Moeckel's  method  for  the  angle-of-attack  case is outlined  in  Ref- 
erence 1. Basically, it involves  separating  the  entire  flow  field  into two 
separate  regions  with  the  zero  streamline (i. - e. ,   the  streamline that 
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TABLE VI - THEORETICAL VALUES OF A AND 

n FOR SHOCK SHAPE  RELATIONS 

y = 1.4 
(air) 

y = 2.0 

1.5 
2.0 
2.2 
2 . 5  

1.5 
2.0 
2.2 
2.5 

~ ~~~ 

Two-dimensional 
values T 

3.83 0. 521 
2. 58 0.519 
2.41 0. 515 
2.27 0.51 5 

4.44 0. 515 
2.98 0. 512 
2.77 0. 512 
2. 58 0.514 

-1- 
-4- 

Not required 

~~ ~~~ 

Three-dimensional 
value s 

A 

2.39 
1.95 
1.89 
1.85 

N R ~ ’  
NR 
NR 
NR 

n 

0.548 
0.528 
0.535 
0. 518 

NR 
NR 
NR 
NR 

. n 

3 

2 
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H O D  OF P R E D I C T I N G   S H O C K   S H A P E  

2-0 F L O W  (Mm = 2.2) ( A V E R A G E  OF 
E A S E D  ON TOW C H A N N E L   S H A P E S  IN 

I T H R E E   T O W - C H A N N E L   S H A P E S )  

0 

A X I A L   S T A T I O N .  x / D  
4- 

nsional  Air Shock Shapes 



3-0 S C H L I E R E N   S H O C K   S H A P E  (M, = 2.3) 

M E T H O D  O F  P R E D I C T I N G   S H O C K   S H A P E   B A S E D  
TOW C H A N N E L   S H A P E S  IN 2-D FLOW ( M  = 2.2) 
( B A S E D  O N   O N E  T O W - C H A N N E L S H A P E P O  

O N  

Figure 32 - Actual and Predicted  Three-Dimensional  Air  Shock  Shapes  for 
a Flat Plate 

3 - 0   S C H L I E R E N  SHOCK S H A P E  IM, = 2.01 - METHOD O F  P R E D I K T I N G  S H O C K  S H A P E   B A S E 0  ON 
TOW C H A N N E L   S H A P E S  I N  2 - 0  FLOW (M, L 2 . 0 )  
( A V E R A G E  O F  T W O - T O W - C H A N N E L   S H A P E S 1  

A X I A L   S T A T I O N ,  x 0 

Figure 3 3  - Actual  and  Predicted  Three-Dimensional  Air Shock  Shapes for 
a Sphere 
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reaches stagnation)  being  the  dividing  line  between  the  two  regions.  The 
shock  shape  in  each  region  then  can  be  predicted  independently.  These 
results  then  would  be  used to modify  appropriate  tow  channel  data. 

3. COMPARISON O F  EXPERIMENTAL AND THEORETICAL WAKE 
RESULTS 

- a. General 

Viscous  and  inviscid  high-speed  compressible  wake  profiles are com- 
pared  in  the  following  discussion  for  both  two-dimensional  and  three- 
dimensional  (axisymmetric)  flow.  The  theoretical  method  used is based 
on  the  developments  and  results of Section 111. Ex  erimental  values 
were  calculated  from NASA wind-tunnel  data,  16,  17, 18 and  from  two- 
dimensional test data  obtained by NASA for  this  program.  Three  basic 
body  configurations are considered  because  applicable  wind-tunnel  data 
was  available  and  because  they are  considered  representative of a broad 
class  of body  configurations. 

- b. Comparison of Two-  and  Three-Dimensional  Profiles 

Reasonable  agreement has been  obtained  in  comparing  cone-cylinder 
wind-tunnel  data  with  viscous  wake  calculations  using  viscosity  Model 4, 
a turbulent  viscosity  constant, K of 0.02, and a neck  location of x/D = 2. 
This is shown  in Figures 34  through 38 which  compare  pitot  pressure 
profiles  for  x/D's of 2.52, 5.04, and  7.56. As may  be  seen,  the  center- 
line  value  and the genera l   form of the  profile are both  predicted  quite 
well.  However,  there is a discrepancy  in the actual  width of the  viscous 
wake  for  the  case of the  lower  free-stream  Mach  number (Mm = 2.3). 
This  possibly is due to the  assumption of Pr = 1 in  the  viscous  wake so-  
lution  which  affects  not  only  the  temperature  profile  but  also  the  density 
profile  and to some  extent the predicted  wake  growth. 

The  wedge-block  data  shown  in  Figures 39 through 41 were  obtained  for 
the  two-dimensional  counterpart of the  cone-cylinder  discussed  above. 
Non-dimensional two-  and  three-dimensional  Mach  number  profiles are 
shown at x/D's of 2 .  52 and 5.04 and a t  an x/D of 7. 56 for  the  axisym- 
metric  cases  ( two-dimensional  data  not  available).   Also  shown are the 
corresponding  calculated  wake  profiles  for  the  same  wake  viscosity  model 
as in  Figure 33.  Again,  reasonable  agreement is seen to exist  with  the 
two-dimensional  data  and  viscous  wake  calculations  being  in  better 
agreement  than  the  data  and  calculations  for  the  three-dimensional  cone 
cylinder.  This is believed to be  due to a greater  sensit ivity of the  three- 
dimensional  calculations to any  assumptions  concerning  the  flow  Prandtl 
number.  The  two-dimensionalviscous  wake  also is seen to be  consider- 
ably  thinner  than  that  behind  the  cone  cylinder. 

The  high  Mach  numbers  observed  outside of the viscous  wake  region  for 
the  two-dimensional  case  are  due to the  over-expansion of the  flow  in  the 
near  wake  region of the  body  giving rise to pressures  lower  than  and  Mach 
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RADIAL WAKE STATION. r (INCHES1 

- 
Figure 37 - Cone-Cylinder Wake Pi tot   Pressure  Prof i les  at 

x/D = 5.04 (Mm = 4. 6 5 )  

numbers  higher  than  their   corresponding  free  stream  values.   Across  the 
recompression  shock,   the   pressure  increases   and the  Mach  number  de- 
creases  with  both  values  approaching  their  free  stream  values. For  
example, at an  x/D of 5.04, the  recompression  shock  for  the  two-dimen- 
sional  model  is   located  at   approximately r /D = 0.  5. This  is  shown  by 
the  static  pressure  profiles  in  Figure 42. Thus,  for r /D -= 0 . 5  and 
outside of the  viscous  wake  region, ML 2 M,; while  for r/D =- 0.  5, 
ML 2 M,. In  the  cone-cylinder  case,  the  viscous  wake is thicker,  the 
over-expansion  is   not as great,  and  the  recompression  shock  wave,  thus, 
should  be  weaker  and  pushed  out  further  into  the  flow  as  may  be  seen  in 
Figures 36,  37, and 38. This  recompression  shock is also  apparent  in 
the pi tot  pressure  profiles  shown  in  Figures 3 4  and 35. At l a rger  x/D's 
the  recompression  shock is not  observable  in  the  data  and  appears t o  
reside  outside of the  region  surveyed.  The  wake  neck  location  need  not 
be  the  same  for  the two- and  three-dimensional   cases;   more  information 
is needed  on  this  feature of the  flow.  Also,  the  presence of a recompres-  
sion  shock  wave is not  currently  accounted for  in  the  wake  calculation 
procedure. 

As a practical  matter,  this  last  statement is not  considered t o  imply  any 
serious  deficiency  in  the  present  inviscid  wake  solution.  This  is  because 
the  wake  solution is considered to provide a means  for  calculating 
flow  fields  about  trailing  decelerators  which,  in  general,  operate  behind 
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the  recompression  shock  and,  therefore, down s t r e a m  of the  over-expan- 
sion  region.  In  situations  where  this is not  the  case,  the  decelerator it- 
self would alter  the  wake s o  that, at least, the  recompression  shock would 
coalesce  with  the  decelerator's bow shock  and,  thus,  affect its shape. 
Consequently,  considering  the  assumed  application,  the  current  inviscid 
wake  theory is considered  adequate  in  this  respect. 

Non-dimensional  Mach  number  profiles  for  the  wake of a 120-deg  cone 
and  120-deg  wedge a r e  shown in Figures 4 3  through  45  for  x/D's of 2.5, 
5.0,  and 8 . 3 3 .  Also shown  here are calculated  profiles  based on viscous 
wake  model 4 ,  a K of 0.02,  and a wake  neck  location of x/D = 2. Here 
also,  approximate  agreement  between  the  120-deg  cone  data and  the  cal- 
culations  exists.  This  agreement is particularly good at   the x/D of 8 . 3 3 ;  
however,  even at an  x/D of 5.0 the  agreerpent is quite  satisfactory.  Here, 
the  major  difference  between  the  data  and  the  calculations  is  due to the 
wake  static  pressures  which  in  the  calculation is assumed to be  equal to 
the  free  stream  pressure,   but  experimentally  has  been  shown to be  ap- 
proximately  25  percent  above  free  stream.  This  higher  pressure would 
result   in a lower Mach number. A  spot^ check of this figure  indicates 
that   correcting  for  the  static  pressure  in  Figure  44 would bring  the  cal- 
culated  curve  in  agreement  with  the data. Only a t  an x/D of 2.  5 is the 
agreement  somewhat  unsatisfactory  for  the  120-deg  cone.  This is, how- 
ever,  understandable  since  the  wake  calculation  procedure is less  appli- 
cable to the  near  wage  region.  Furthermore, it is possible  that  for  the 
near  wake  region  in  the  proximity of the  pressure  rake to the  wake  neck 
m a y  unduly  influence  the  wake  characteristics. 

Measurements of wake  characteristics  behind a 120-deg  wedge,  the two- 
dimensional  counterpart of the  previously-discussed  120-deg  cone,  are 
also  shown  in  Figures 4 3  and 44. These  are   for  x/D's of 2. 5 and 5.0.. 
As may  be  seen,  the  structure of the  wake  in  this  two-dimensional  case 
is completely  different  than  that for  the  corresponding  three-dimensio'hal 
case.  This is also  apparent  in  the  static  pressure  data  shown  in  Fig- 
ure  45,  where  for  the  three-dimensional  120-deg  cone  the  static  pressure 
in  the  wake  centerline  region is on  the  order of the f ree   s t ream  pressure  
and  falling  slightly:  while  for  the  two-dimensional  120-deg  wedge  the  static 
pressure is a factor of two higher  than  the  free stream pressure and  in- 
creasing  with  increasing x/D. The  profiles  shown  in  Figures 4 3  and 44 
are   typical  of the  wake  recirculating  region;  and  the  results,  thus,  sug- 
gest  that for the  two-dimensional  case  the  wake  neck  may  be  located  con- 
siderably  further  downstream  than  in  the  three-dimensional  case.  Alter- 
natively,  the  presence of the  pressure  rake  could  have "blown"  the  wake 
or  otherwise  altered it s o  as to not  correspond to  the  conventional  wake 
case.  If the  wake  neck is located far downstream,  this  will, of course,  
add to  the  possibility of this  latter  effect.  In  any  event,  the  120-deg  wedge 
data  were  not  considered to be of any  real  value  to  this  study of two- 
and  three-dimensional  wakes,  except as an  illustration of the  differences 
that  can  exist. 
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Figure 43 - Wake  Mach  Number Profiles for 120-Deg Cone and 
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Figures 46 through 48 present  nondimensional  Mach  number  profiles  for 
the  wake-of a blunted  cone-cylinder flare configuration.  These  data  are 
for  a f ree-s t ream Mach  number  value-of 2 . 0 ,  wake  x/D-values of 5, 7, 
and  11,  and  viscosity  model  number 4. Here,   again,   the  agreement  be- 
tween  theory  and  experimental  data  is  seen  to  be  reasonably  good.  From 
these  data,  the  recompression  shock is not-indicated  and  apparently re-  
sides  outside  the  region  shown. As indicated by the  results,  the  viscous 
wake  size  is  again  slightly  underpredicted by the  theory,  particularly  at^ 
the  lower  x/D  values. 

The  data  and  calculations  shown  in  Figures 34 through 48 thus  have  been 
demonstrated  to  be  in  satisfactory  agreement. Wake features  omitted  in 
the  calculation  procedure  that  contribute  to  differences  which  exist  in 
these  figures are as follows: (1) wake  recompression  shock  wave, (2) 
near-wake  flow  characteristics,  and ( 3 )  wake axial pressure  gradients. 

These  omissions,  while  they  could  be  correctedfor,  are  not  considered 
to  impose  any  significant  practical  restrictions on the  theory's  assumed 
application  to  decelerator  flow  field  calculations. One limiting  feature 
is the  assumption of Psandtl~number  equal to unity  in  the  viscous  wake 
theory.  This  affects  the  calculated  wake  profiles,  and  is,  apparently, 
particularly  important  in  the  three-dimensional  case.  The  removal of 
this  restriction  in  the  theory  should  lead to better  agreement  with  the 
data  with  respect  to  the  viscous  wake  width. 

I 8 

Figure 46 - Blunted  Cone-Cylinder-Flare Wake Mach  Number  Profiles at 
x/D = 5.0 
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SECTION V - CONCLUSIONS  AND  RECOMMENDATIONS 

1. CONCLUSIONS 

Major  conclusions of this  study  are: 

1. Tow channel  utility 

a. 

b. 

C.  

Supercritical  water  flow  patterns  and  data 
t r ends   a r e  similar to those  in a super- 
sonic  compressible  gas.  

Due to basic  differences  in  shock  shape, 
inviscid  flow  field,  and  boundary  layer 
character is t ics  , water  wake  results  are 
generally  not  suitable  for  predicting  com- 
pressible  gas  wake  characteristics.  Under 
certain  conditions,  however, a reasonable 
approximation of wake  Mach  number  pro- 
files  may  be  obtained. 

Detached  hydraulic  jumps  in  water  theo- 
retically  can  be  modified to predict,  with 
good accuracy,  the  shape of detached  three- 
dimensional  (axisymmetric) bow shocks 
in air. This  predictive  method  can  be 
extended to include  two-dimensional  angle 
of attack  effects  and,  possibly,  the  effects 
of more  complex  axisymmetric  body  ge- 
ometry.  

2. Theoretical  wake  solution  utility 

a. Wake solution of Section Iu: provides a 
reasonable  f irst-order  approximation to  
the  two-dimensional  and  axisymmetric 
viscous  and  inviscid  wake  problem  that 
should  prove  usable  in  engineering  calcu- 
lations  of'trailing  decelerator  flow  fields. 

b. The  method of solution is generally  appli- 
cable to both  slender  and  blunt  bodies  having 
either  attached  or  detached bow shocks. 

2. RECOMMENDATIONS 

Both  tow  channel data and  the  wake  predictive  method of Section III should 
be  considered  for  use  in  calculating  decelerator  flow  field  characteris- 
tics.  The  theoretical  solution  enables  the  calculation of the  decelerator's 
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effective  free  stream  while tow channel  data,  with  proper  consideration 
of its limitations,  may  be  useful in qualitatively  studying  the  decelera- 
tor/wake  interaction  and  in  determining  decelerator bow shock  geometry. 
A combination of the two conceivably  could  offer a comparatively  simple 
economical  means of applying  inverse  methods to the  problem of decel- 
e ra tor  flow  field  calculations.  To  further  improve  the  theoretical  wake 
solution,  certain  improvements  should  be  incorporated.  The  most  de- 
sirable  improvement,   from a practical  viewpoint, would appear to be  the 
removal of the Pr = 1 restriction.  This would  provide  for a broader  vis-  
cous  wake that would  be m o r e  in agreement  with  that  obtained  from  ex- 
perimental  results.  Other  important  improvements would  include  pro- 
viding  for a better  means of matching  viscous  and  inviscid  wake  profiles 
and  providing  for the effects of embedded  shock  waves  in  the  inviscid  flow 
field  and  wake  regions. 
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APPENDIX A - BOUNDARY LAYER T H E O R Y ~  

1. COMPRESSIBLE BOUNDARY LAYER  MOMENTUM  DEFECT  CALCULA- 
TIONS 

- a. Laminary  Boundary  Layer  Theory 

For the  methods  developed  by  Kemp,  Rose,  and  Detra  (Reference 6 )  for  
calculating  boundary  layer  properties  and,  in  particular,  calculating 
momentum  thickness (e), Stetson  (Reference 19)  has  presented  an  em- 
pirical   correlation of the-results of the  numerical  solutions  for 9, which 
is given by 

Here, 

and s is the  distance  from  the  stagnation  point as measured  along  the 
surface of the body: j = 0 for  two-dimensional  flow,  and j = 1 for 
axisymmetric flow. For  nonaxisymmetric  flow,  one of these two cases  
must  be  used as a suitable  approximation.  For  example, a flat delta of 
small thickness  ratio is best  approximated as a two.-dimensional  body, 
while  an  elliptical body with its major  and  minor  axes  on  the  same  order 
of magnitude is more  suitably  approximated as a quasiaxisymmetric 
body (j = 1). 

In  the  above  equations,  the  subscript e denotes  local  conditions at the 
edge of the  boundary  layer,  while w denotes  local  gas  conditions at the 
wall.  The  effect of p, the  pressure  gradient  parameter,  is small in 
Equation 90. This  can  be  seen  since p ranges  from  one at a two-dimen- 
sional  stagnation  point to Aero in a zero  pressure  gradient  region;  thus,  
a typical  value  for p represents  no more  than a 10 percent  correction. 

In  Equation  90, 6 represents  an effective  surface  distance  that  considers 
the  prior  boundary  layer  history.  For  purposes of calculation, ,$ can 
be  rewrit ten as 

a These  results are reprinted  from  Reference 5 incorporating  appropriate 
changes.  They are  entirely  applicable to the development of Section III and 
are  presented  for  completeness of this document. 
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where 

Ps is the  forebody  nose  stagnation  pressure, V, the  free-stream  velocity, 
and R the  base  radius  for  an  axisymmetr-ic body or  an  effective  base 
radius  for a nonaxisymmetric  body. 

The  boundary  layer  momentum  thickness, 8, can  be  rewritten  in tEr-ms of 
tV. The  result is  

1 
" e fi (0.491)  0.4) pz 
R -  2 2 (9 3)  ( PeUeR Be ) ''' (2) (2) (-$ (-) 0.114 

pw'uw 

Here,  can  be  evaluated  from 

M =  [ PeUeOds 
circumference 

2 
(95) 

where ds is a circumferential  increment of length.  From  Equation  93, 
p u 0 can  be  written  as 2 
e e  
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Thus,  the  integral  in 
flow properties  have 
c i rcu lar  body  and by 

Equation 95 can  be  evaluated  readily  once the local 
been  used  to  evaluate (+, B/R,  and peu$B. F o r  a 
evaluating  the  integral at the  base, 

where,  because of the  symmetry, it is only  necessary to integrate  over 
one  quadrant,and  where 

- 
G1 - Rdpf 

1 ds 
(99) 

Here, b and a are the  semiaxes of the  ellipse. G is unity  for a cylin- 
dr ical  body. 1 

Once  the  inviscid flow properties  along  the  edge of the body boundary 
layer are known,  and assuming  the  wall   temperature is known or can be 
estimated,  then  the  boundary  layer  momentum  thickness  and  integrated 
momentum  defect  can  be  evaluated  using  Equations 93  and 95. 

Turbulent  Boundary  Layer  Theory 

Unfortunately,  the  state of knowledge  regarding  turbulent  boundary 
layers  is not s o  well  developed as in  the  laminar  case.  Thus,  although 
there  have  been  many  approximate  treatments of turbulent  flow,  most 
of which  can  be  supported  to  some  extent by using  existing  experimental 
data,  there are no "exact"  theoretical  solutions  (such as those of Kemp, 
Rose,  and  Detra)  for  laminar  flow. 

One approximate  solution,  the  results of which  lend  themselves to the 
present  problem, is that of Reshotko  and  Tucker  (Reference 7). This 
solution  uses  the  momentum  integral  and  moment-of-momentum  equa- 
tions as simplified  using  Stewartson's  transformation.  To  solve  these 
two equations, a skin  friction  relation  must  be  used;  Reshotko  and  Tucker 
chose  the  Ludwieg-Tillman  relation  in a form  suitable  for  compressible 
flow  with  heat  transfer  through  applying  the  reference  enthalpy  concept. 
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The  above  equations  were  simplified  further by using  an  approximate 
shear  stress  distribution and  the  power  law  velocity  profile. 

The  moment -of -momentum  equation is needed  to  account  for  pressure 
gradient  effects on the  boundary  layer  velocity  profile.  The  method of 
Reshotko  and  Tucker, as applied  to  insulated  surfaces, is quite  well 
founded.  However,  for  noninsulated  or  nonadiabatic  wall  cases  the 
method,  though  qualitatively  correct, is based  on  some  speculative 
assumptions. It is still anticipated,  however,  that  for  such  cases  the 
method  will  yield  reasonable  quantitative  results.  The  method  certainly 
is representative of the  best  that-can  be  done  within  the  present  status 
of turbulent flow theory. 

Reshotko  and  Tucker  in  Reference 7 present  their   results  for  momentum 
thickness  in  terms of a transformed  momentum  thickness, et . The 
transformed  momentum  thickness,  etr,  can  be  related  to tfie actual 
momentum  thickness , 8 ,  by 

= 0.01173 I' 
Here, a. and uo are the  velocity of sound  and  the  kinematic  viscosity 
evaluated  at^ the  stagnation  conditions of the  local  external  stream, re -  
spectively.  The  exponent B can  be  expressed  approximately  as 

where T is  the  inviscid  stagnation  temperature.  The  reference  tempera- 
0 

ture,  Tref, is given as 

Tref = 0.50  (Tw + Te) +PO. 22 (Taw - Te)  3 (1 03)  
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where Taw is the  adiabatic  wall   or  recovery  temperature 

The  distance, s 1, in  Equation 101 is the  starting  point  of  the  CaIculation. 
If the  boundary  layer is turbulent  over  the  entire  body,  then s 1 = 0, and 
the  calculation starts at the  forkard  stagnation  point.  However, i f  the 
boundary  layer is initially  laminar,  then  the  calculation starts a t  s = SI, 
the  transition  point.  At that point, 

8 (turbulent) = 9 ( laminar)  (1 0 5 )  

The  previously  noted  equation  for a compressible  turbulent  boundary 
layer (Equatkpn 101) ,  can  be recast in   t e rms  of a turbulent  distance  pa- 
rameter ,  f T  , where 

-8- 

~ , ,1.2155k 

The  transformed  momentum  thickness,  then  can  be  expressed as 
- ' t r y  

0 .  01173 CT .I. 
-8- 

t 

TR  indicates  that  the  property is to be  evaluated at the  transition  point. 

When gtr is known, the actual momentum  thickness, 8 ,  can be  evaluated 

as can  Ree, p,Ue8, and M. For  this  latter  quantity,  Equations 97 through 

9 9  are  applicable.   Thus,   calculations  can  be  carried  out  for  the  impor- 
tant  boundary  layer  properties  once  the  properties at the  edge of the 
boundary  layer  are known. 

2 
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2 ,  BOUNDARY LAYER  TRANSITION PREDICTION 

- a. General . .  - " 

A criterion for boundary  layer  transition  was  established  that  could  be 
incorporated  into a general  laminar  -turbulent  boundary  layer  calcula - 
tion  program. Any such  cri teria  must,   because of what is known regard- 
ing  transition  and  turbulent  flow,  be  considered as leading  to  only  an 
approximate  estimate. 

In  developing  tran.sition  prediction  criteria,  recognition  must  first  be 
made of the  factors  that  influence  transition,  the  parameters  in  terms 
of which  transit ion  correlations  usually  are  made, and  which of these 
factors   are   important  and  can  be  considered  realistically.  In  general, 
boundary  layer  transition  depends  on  the  Reynolds  number of the  flow, 
surface  roughness,  free-stream  turbulence,  noise,  compressibility e f -  
fects  and/or  pressure  gradient  effects,  and  whether  the  boundary  layer 
is being  heated  or  cooled.  Except  for  effects  due  to  surface  roughness 
and  free-stream  turbulence,  one  might  think  that  the  other  effects  are 
of such a nature  that  methods of predicting  their  associated  influence  on 
transition  could  be  developed.  However,  the  effects of roughness  and 
turbulence  each  may  couple  with  the  other  factors,  thus  making  any 
attempt  to  separate  one  effect  from  another  extremely  difficult. 

As  an  example,  the  effect of surface  roughness  depends  on  the  thickness 
of the  boundary  layer,  but^ the  thickness of the  boundary  layer  depends 
on  the  compressibility of the  fluid (as manifested  through  the  local  Mach 
number)  and  whether  the  boundary  layer is being  heated or cooled, as., 
well  as  many  other  factors.  The  free-stream  turbulence  also  may  vary"\. 
with  tunnel  conditions.  Thus,  the  individual  factors  do  couple  with  one 
another. 

In  evaluating  factors  affecting  transition  (see  Figure  49),  Low,in  Refer- 
ence 20,  presents-  curve  showing  the  effect of free  -stream  turbulence 
on transition. 

Gazley  (Reference 2 1 )  found that  laminar  boundary  layer  oscillations  and 
their  damping  or  amplification  could  be  detected  only  when  the  free- 
stream  turbulence  was  less  than 0. 001. For  greater  turbulence  values, 
the  boundary  layer  oscillations  became  difficult  to  identify  because of 
the  near  coincidence of their  appearance  with  the-point of transition  to 
turbulence.  Gazley  also  reported  that  the  effects of f ree   -s t ream  tur  - 
bulence  tend  to  mask  out  the  effects of other  variables.  This  may  ex- 
plain  the  disagreement  between  Stainback  (Reference 22)  and  Gazley. 
Stainback's  results  tended to confirm  the  invariance of transition  Rey- 
nolds  number  with  Mach  number up to  Mach 8;  Gazley's  results  indicated 
an  increase of transition  Reynolds  number  with  increasing  Mach  number. 

Both  Deem  (Reference  23)  and  Stewart  (R-eference  24)  indicate  an  increase 
of transitl'on  Reynolds  number  with  an  increase of unit  Reynolds  number. 
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Figure 49  - F r e e  Stream Turbulence, U'/U 

Deem  also  observed a transition  reversal  phenomenon  due to changes  in 
wall to adiabatic  wall   temperature  ratios.  

Correlations of boundary  layer  transition  usually are presented  in  the 
form of a transition  Reynolds  number as a function of other  flow simi- 
lar i ty   parameters .  Although  experimental  data  frequently  are  presented 
using  the  free-stream  Reynolds  number  based  on X (Rex),  Reynolds 
numbers  based  on  momentum  thickness  and  displacement  thickness  also 
a re   used .  If the  transit ion  process  i tself  is viewed as originating 
through  local  boundary  layer  separation  occurring  because of a local 
momenturn  deficiency,  then  the  local  Reynolds  number  based  on  mo- 
mentum  thickness,  Reg,  would seem to be  the  appropriate  dependent 
variable.  For  an  incompressible,  flat-plate  boundary  layer,  the critical 
value of Reo  corresponding  to  the  boundary  layer  becoming  unstable  to 
small disturbances (e.. , Tollmien-Schlicting  waves) is 163  (Reference 
25). On the  other  hand,  the  transition  value  may  range as high as 1300, 
depending  on  the  exact  surface  roughness  and  free-stream  turbulence, 
both of which  tend to decrease  the  value of the  transition  Reynolds  num- 
ber.   For  compressible  f lows,  the  Mach  number  and  the  ratio of the  wall 
enthalpy  to  the  adiabatic  wall  enthalpy  also  become  important. 

Pressure  gradient  effects (a favorable  gradient  stabilizes  the  boundary 
layer  while an unfavorable  gradient  destabilizes it), although  important, 
are   much  more  diff icul t  to  consider.  The  unit  Reynolds  number  also is 
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included in many  correlations of transition  data.  Originally,  this  parame- 
ter  may  have  been  related to wind-tunnel  produced  disturbances. How- 
ever ,   there  is now some  evidence  that it a lso is an  important  effect  in 
correlating  ballistic  range  and  flight^ data. Its role,  however, is not  un- 
derstood  from a physical  viewpoint. 

Analysis 

In  developing a rather  simple  correlation  for  the  transition  Reynolds 
number  based  on  momentum  thickness,  only  the  effects of Mach  number 
and hw/haw are  considered  directly.  Since  the  present  boundary  layer 
computer  program  calculated  Ree,  it  is  convenient  to  treat  the  transi- 
tion  problem  in terms of this  paramete-r.   Furthermore,   the  free-stream 
Mach  number  range of interest   in  this  study  is-from 1 to 5. For  a blunt 
nose body, this  means  local  Mach  numbers of less  than 3.5.  

In  general,  the  effect of the  local  Mach  number  on  the  transitionReynolds 
number  in  terms of X can  be  represented as shown  in  the  following 
sketch  (References 25 and 26). 

M 

A curve of this  type  can  be  represented by a power se r i e s  of the  form 

Re 
Xt 

m I 
- 

r - (ReXTR)inc c 
n = O  

a M n 
.n  

If only  the  first four terms  in  the  power  series  are  used,  the  following 
boundary  conditions  can  be  applied: 

1. M =  0, Re, = [Re, \ (a value of 2.  5 X l o o  was 
chosen) 
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2 .  M =  0, dReX  /dM= 0 
tr 

3 .  M = M1, dRe /dM = 0 (M  based  on  experimental 
data) Xt r 1 

4. M = M1, Re  /(Re  /(Re (matched  with ex- 
Xt r Xt r perimental   data) 

If boundary  conditions 3 and 4 are selected  based  on  References 26 and 
27, Equation 108 then becomes: 

Re = -2.5 X 10 ( 1  - 0. 12 M + 0 . 0 2 3  M ) . 

Since  Re 0 .664  ReX 'I2,  (Reference 8),  then 

6 2 3 

Xt r 

8 

2 3 1/2 
Re M 1000 (1 - 0 .  12 M + 0.023 M ) 

'tr 

The  effect of hw/haw is illustrated  in  the  following  sketch: 

1 .o 

3 
I- . z 
I- 
0 
0 * 0.2 

5 

la 
.c . 
c 

This  curve  can  be  represented by a power  series of the  form 

m 

which  can be fitted to  available  experimental  data.  When  the  range, 
0 .2  hw/haw 1. 0, is considered,  the  boundary  conditions  become 
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- 
2 .  hw/haw = hl ,  Re (matched  with  experimental  data) 

3. hw/haw = hl,  dRe /dhw = 0 

4. hw/haw = 0 .  2 ,  Re (matched  with  experimental  data) 

are  used,  and  where  Re, oc Re,, 'I2, the  correlation of Equation 11 0 
becomes 

Xt r 

Xt r 

x t r  

where 
experi  

1. T = T  
W aw 

Re 1000 ( 1  - 0. 12 M + 0 2 

( - 2 . 2 9  t 17. 3 8  - 18 h f 3.  9 1  h ) (1121 ' 
- 
h = &/ha,. Here,  the  effects  due 
m.enta1  data of References 28 throug 

to  hw/h are  based  on  the 
h 30, aw 

The  nature of this  correlation  is  that  transition  reversal  is  included. 
However,  the  second  transition  reversal  frequently found at  values  of 
hw/haw of approximately 0 .  2 is not  included.  The  correlation  (Equa- 
tion 1 1 2 )  thus is limited  to h /haw > 0 .  2 .  Reshotko I 

qualitatively  explained  bothyransition  reversal  phenomena.  However, 
a general  agreement  among  the  available  experimental  data  does  not 
exist;  the  correlation, though qualitatively  correct,  is  quantitatively 

(Reference 31) has 

only an  approximation. 

In  representing  the  effects of Mach  number  and h /h using  power 
series,  the  coefficients  in  these  series  should  beyregzd  as  functions 
of surface  roughness  and  fr-ee  -stream  turbulence. 

Pressure  gradient  effects,  as  noted  before,  also  may be important. On 
this  project,  the  primary  bodies of interest  are  such  that,  excluding  the 
nose region,  the body is  divided  into  regions of zero  pressure  gradient.  
This  should  be a reasonable  approximation,  even  in  the  prediction of 
transition,  with  the  one  exception  being at the  junction'of  the  cylindrical 
afterbody  and  the  flare  at  the  base of the  body.  The  adverse  pressure 
gradient  there  may  produce  transition i f  the  Reynolds  number  is  greater 
than  the  critical  value.  Thus,  itwas  suggestedthat,  in  programming  the 
boundary  layer  calculations,  Re  at  the  initiation of the  flare  be  checked 
against  (Re ) a s  given  below: 

~- 

e 
0 CRIT 
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2 3 1/2 
(Ree 1 z 163  (1 - 0. 12 M t 0.023 M ) x 

CRIT 

2 1 / 2  
(-2.29 t 17.38 h - 18 h t 3.91 3) . (113) 

This-equation is merely  Equation1 12 with  the  incompressible  transition 
value of a 1000 replaced by critical  value  163). If, at the  flare,Re )+ 

the  goundary  layer  remains  laminar. With the  inclusion of this  cri terion 
in  the  program  boundary  layer  transition  should at least be  accounted 
for   in  a quantitatively  correct  manner. 

RIT’ then  transition is assumed to occur. If Re0 < ReeCRLT,.  Then 

The  present  correlation,  Equation  113,  has  been  compared  with  experi- 
mental   results  from  Reference 24  on  the  effect of Tw/T  obtained at 
M, = 3 . 1 .  Approximate  agreement has been found to exlst. The  results 
of Stetson  and  Rushton  (Reference  32)  also  have  been  compared;  these 
results  were  obtained  on  blunt  cones at a free-stream  Mach  number of 
M, = 5. 5 (see Figure 50). Here,  XT is the  transition  distance, Xsw is 
the  distance  for  the  high  entropy  layer  to  be  swallowed,  and  RegT is the 
transition  Reynolds  number  based  on  momentum  thickness.  The  pre- 
diction  based on the  present  method is shown only for one  condition; 
however,  reasonable  agreement  exists. 

aw 

1 w o  

Boa 

60C 

400 

Mc 

L. 

0- 

n o  
0 .  31 0.0 1 1 .o 2 4 6 8 1 0  

Figure 50 - Boundary  Layer  Transition  on a Blunt  Cone at M = 5.5 
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Equations 112 and 11 3 have  been  programmed as a p a r t  of the  boundary 
layer  program and a re   u sed  to determine  the  approximate  location of 
transit ion i f  the  exact  location of transition  is  not  specified as an  input. 



APPENDIX B - FOREBODY FLOW FIELD  PROGRAM^ 

The  forebody  geometry  is   stored  as a table  to  allow  all  necessary  geometric 
properties to be determined  by  simple  calculation  from the geometric  coordi-  
nates,  The  storage  system  defines  the  body  profile  as a s e r i e s  of points  that 
a r e  the  values of the  distance r from  the  forebody  axis  to  its  surface  and  as 
a function of the  axial  distance x from  the  nose of the  body.  Thirteen  profiles 
a re   s tored   on  13 planes.  formed by rotating  the  vertical  plane  containing  the 
forebody  axis  about  this  axis 90  deg in  7.5-deg  increments.   Mirror  symmetry 
is assumed  about  the  vertical  and  horizontal  planes  in  the  axisymmetric  case. 
For  two-dimensional  bodies,  only  the b = 0 case  is   considered.  

The  one  geometric  input  required by the  boundary  layer  program is the  value 
of r/R,  where R is average  base  radius.  The  value, r .  is found as a function 
of x along  any  one b by  linear  interpolation  between  the  points  stored  in  the 
table. 

F o r  the  pressure  distribution  subroutine,  the  angle of the  forebody  surface  in 
each 6 plane  with  the  body  axis  must  be  known.  To  calculate  this, 

The  application of the  modified  Newtonian  flow  method  and  the  tangent-wedge 
(2-D)  or  tangent-cone  (3-D)  method f o r  estimating  the  static  pressure  distri-  
bution is  governed  by  the  following  logic.  The  free-system Mach number  and 
the  static  pressure (M, and p,) a r e  inputs  to  the  pressure  distribution  sub- 
routine. Fo r  each b profile,  the  following  checks  and  decisions a r e  made. 

The  nose  angle is calculated f r o m  the  stored  geometry, 

r - r  

d = arc tan 
1, d 0 ,  # 

xl, f4 - xo, B 
This  value  then is compared  with a s tored  curve of  8, versus  M,, where ec 
i s  the  critical  angle  between  conical  or  wedge  flow  with  an  attached  shock 
and  flow  with  a  detached  shock. 

Case A 

aThese  resul ts   are   repr inted  in  a modified  form  from  Reference 5 to  include 
appropriate  two-dimensional  calculation  methods  applicable to the  develop- 
ment of Section III. 
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If 8 0 ,  + is equal  to  or  larger  than 8 then  the  shock  wave is detached  from 
the  nose,  and  static  pressure is estlmated by the  Newtonian flow 

Pe - Pco t (ps - p,) sin2 e O Y b  

$.' 

- 

where ps is  the  nose  total  pressure.  Since  there is a detached  shock, ps is 
the  total  pressure  behind the norrpal  shock. 

r 

L 
Case B 

If 80 + is less than ec, then  an  attached  shock  exists,  and  both  the  static  and 
nose'  otal  pressure  are  evaluated  from  either  the  conical  flow  subroutine 
(3-D) o r   f r o m  the oblique  shock  subroutine (2-D). For  both cases,   the  local 
Mach  number  is  given by 

where po is the  local  total  pressure.  In  this  region, po - - ps. 

This  solution is carried  out  at  eaqh  point  on  the body profile. As long a s  
ei, 6 > 8i + 1, 6, the  local  total  pressure i s  equal to the  nose  total  pressure 
for  both cases .  If the  shock  wave i s  detached,  the  static  pressure is obtained 
by  the  modified  Newtonian  method  until e i <ec ,  af ter  which  the  conical  flow 
solution  or  oblique  shock  flow  solution is b e d .  I 
If, however,  9i, # < Qi +. 1, 8, a corner  shock  forms,  and  the  local  total 
pressure  changes. To evaluate  this  condition,  the  flow  properties  in  the 
regionxi - 1 to,xi are  used,  and  the  angle 8 = Bi 1, 6 - Qi, & is the  cone o r  
wedge  semiangle Ef interest. As before,  there a re  two  posslble  cases. 
For   Case A where 8 h 8, for  M , 

ei 

where p 0i.t 1 = local  total   pressure behind a detached  (normal)  shock.  This 
pressure  1s given by 
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1 
P -  1 

For   Case B where   T i s   l e s s   t han  8, for Mei - 1, the  static  and  total   pressures 

a re   t aken  from the  conical  flow  routine or the  oblique  shock  flow  routine  using 
the  local  properties at point i as inputs.  Again  the  Mach  number i s   g iven   i n  
either  case  by 
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APPENDIX C - BOUNDARY LAYER AND  WAKE COMPUTER  PROGRAM 

I 1. FOREBODY BOUNDARY LAYER  PROGRAM 

Forebody  boundary  layer  calculations may be  performed  for the following 
cases  and  conditions: 

1. Two dimensional  or  axisyrnmetric  bodies at 0-deg 
angle of attack 

2. Laminar  and/or  turbulent  flows - including  transi- 
tion 

3 .  Incompressible,  subsonic,  transonic  and  super- 
sonic  flows 

In all cases,  the  forebody  pressure  distribution must be known. For  
supersonic  or  hypersonic flow cases,   the  computer  program  will   predict  
the pressure distribution  using  tangent  cone  theory,  tangent  wedge  theory, 
modified  Newtonian  fiow  theory  or a combination  thereof.  Alternatively, 
experimental   data   or   the   resul ts  of other  pressure  distribution  calcula- 
tions  may  be  inputted  into  the  program.  In  addition to the  pressure  dis-  
tr ibution,  the  body  geometry  and  free  stream flow properties  (including 
fluid  properties of state)  must  be  specified. 

For   the  gas  to be  considered,  the  free-stream  density,   viscosity,   Frandtl  
number,  specific  heat  ratio,  and  gas  constant must be  specified. A vis- 
cosity-temperature  relationship  also must be  specified.   (For air, treated 
as a perfect  gas,  the  Sutherland  viscosity-temperature  equation is used 
in  the  program and  the  free  stream  density  and  viscosity are automatically 
calculated). 

With these  inputs  specified,  the  laminar  boundary  layer  properties  are 
computed  using  the  method of local  similarity  solutions of Kemp,  Rose 
and  Detra, 6 along  with  the  momentum  thickness  correlation of Stets0n.’~9 
These  solutions  apply to compressible  flow  and  include  the  effects of dis- 
sociation  and  equilibrium air conditions.  For the turbulent  boundary  layer 
case,  the  momentum  integral  solution of Reshotko  and  Tucker7 is used. 

Boundary  layer  transition is also  included  in  the  computer  program. A 
transition  point  location  along  the  body  may  be  specified  or a transition 
Reynolds  number  based on momentum  thickness  may  be  specified. If 
neither of the above are specified,  the  program  will  compute a transition 
Reynolds  number  using  the criteria developed  in  Reference 5, and  for 
compression  corners  the  program  will   compute a critical  Reynolds  num- 
ber  criteria  for  transition.  Then  beginning  with a laminar  boundary  layer 
calculation,  the  program  will  switch to a turbulent  calculation at the  speci- 
fied  transition  point  or at the  point  where  the  specified  or  computer  tran- 
sition  Reynolds  number is reached. 
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After  completing  the  laminar or turbulent  calculations  over  the  forebody, 
the  boundary  layer  program  yields  the  integrated  momentum  defect as 
well as transition  point  and  forebody  base  values of local  Reynolds  num- 
ber  based on momentum  thickness,  local  momentum  defect,  local  density, 
and local  velocity.  The  boundary  layer  momentum  defect  then is matched 
to that of the  viscous  wake  for  the start of wake  calculations. 

WAKE COMPUTER PROGRAM 

Calculations 

Calculations to determine  the  wake  flow  filed  behind a forebody  may  be 
performed  for  the  following  cases  and  conditions: 

1. Two dimensional o r  axisyrnmetric  forebodies  at 
0-deg  angle of attack 

2. Inviscid  wake  flows  and  laminar  orturbulent  vis- 
cous  wake  flows 

3. Incompressible,  subsonic,  transonic or super- 
sonic  flows 

Viscous Wake 

The  primary  input to the  viscous  wake  computer  program is the  forebody 
boundary  layer  momentum  defect.  In  addition,  the  free  stream  proper- 
t ies  and  the  local  and  total  pressures  at  the  edge of the  boundary  layer at 
the  base of the  forebody also are  required.  Since  the  forebody  boundary 
layer  program  and  the  wake  program are both a par t  of the  total  "Fore- 
body  and Wake Computer  Program"  certain  required  inputs  are  carried 
over  from  the  boundary  layer  program  and  need  not  be  specified  again  in 
order  to  begin  the  wake  calculations.  Thus,  the  new  inputs  required  for 
the  wake  computer  program  are: 

1. Wake neck  locations, x/D, a t  which  wake  profiles 
a r e  to be  calculated 

2. Starting  point  for  the  viscous  wake  solution 

3. Starting  point  value of the  form  parameter,  

4 .  Viscosity  model  number 

5. Viscosity  coefficient, k 

6. Enthalpy  ratio  coefficient, 

7 .  Forebody  bow  shock  shape (for inviscid wake 
k3 

only) 
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Generally, the starting  point  for  the  viscous  wake  solution is the  wake 
neck  location.  However,  the  rear  stagnation  point  or  any  other  point 
downstream of the. rear  stagnation  point  (for  which  the  value of 6 is known) 
may  be  used.  Four  different  viscosity  models  are  currently  stored  in 
the  computer  program  (see  Section III). Viscosity  model  number 4 along 
with a viscosity  coefficient  equal to  0.020 is currently  used  for all vis- 
cous  wake  calculations.  Because  the  loss of momentum  defect  between 
the  forebody  base  and  the  viscous  wake  downstream of the  recirculation 
region is considered  to  be  negligible,  the  enthalpy  ratio is se t   equa l  to 
unity . 
With  the  wake  inputs  defined,  the  viscous  wake  calculations  may  be  car- 
r ied out using a momentum  integral   method of solution  (see  Section 111) 
which is applicable to both  laminar  and  turbulent  flow. 

For  the  viscous  wake  solution, it first must  be  determined  whether  the 
wake is laminar  or  turbulent.  If the  forebody  boundary  layer is turbulent, 
then  the  wake  obviously is turbulent.  But i f  the  forebody  boundary  layer 
is laminar,  a t e s t  must be  made  for  wake  transit ion.  If the wake  transi- 
tion  Reynolds  number is not known, a wake  transit ion  cri teria  based  on 
experimental  data  and  contained  in  the  computer  program  may  be  used. 
This  test  for  wake  transition is made  only  at  the  beginning of the  wake 
calculations,  and  thus  the  viscous  wake in the  presence of a riser line 
o r  tow  cable  will  be  either  wholly  laminar  or  wholly  turbulent.  The  above 
cr i te r ia  is applicable  only to supersonic and  hypersonic  wake  flows.  For 
subsonic  wake  flows,  the  transition  Reynolds  number must be  specified. 

- c.  Inviscid Wake 

For  the  inviscid  wake,  deviations  from  the  free  stream  conditions are 
pr imari ly  due to. the  presence of shock  waves - both  the  bow  shock  wave 
and  imbedded  shocks  (flare  induced  compression  waves,  viscous  wake 
recompression  shock,  etc.).  For  supersonic  flow,  the  inviscid  wake cal- 
culation  procedure  assumes  these  imbedded  shock  waves  are  negligible. 
It therefore  uses  only  the bow shock  wave  together  with  the  mass  flow 
balance  calculation  procedure t o  predict  the  inviscid  wake  profiles. 

The bow  shock  shape is input  in  terms of a polynomial  curve f i t  to the 
experimental  shock  shape of the  form 

-l 

r L - =-a f b (e) f c (c) + d (G) (e) 
d N  

where  dN is a normalizing  diameter.  The  polynomial  coefficients  a,  b, 
c y  d in  Equation  (118)  were  obtained  using a multiple  regression  curve f i t  
program  into  which  an  experimental  shock  shape  was  input.  For  subsonic 
and  transonic  flow  the  inviscid  wake is treated  as  corresponding to the free 
stream  condition. 
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A sample  computer  output  format is reproduced on the  following  pages. 
This  computer  run  was  made  for a blunted  cone-cylinder-flare  configura- 
tion  in a Mach 3 air flow  regime. As indicated,  pertinent  forebody  boun- 
dary  layer  dataare  provided  including  themomentum  defect at the  base. 
Wake computations  are  then  carried  out  using  this  data  and  equating  the 
forebody  base  momentum  defect  with  the  momentum  defect  in  the  wake. 
In  the  example,  viscous  and  inviscid  wake  calculations  are  provided  for 
two axial  wake  stations : x/D = 9 and x/D = 11. 
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BOUNnARY  LAYFR  AN0 WAKE COYPUTFR  PROCRAM 

BLUNTED ~ ~ M - C Y L I N O E R - F L A R E - C Y L I N O F R  

CASE:  THREE DIqENSIONAL FLOW 

FLOW PR~JPERTIES: 

FRFE  STRFAM MACH NO 3.000 
FRE':  STREAM VELOCITY 
FRFF  $TRFAY ST4TlC PRES 23.100 

7120.681 

FREE STRFAH TOTAL PRFS 848.523 

FREE STREAM STATIC TEMP 709.000 
T'lTAL TFMP 542.3991 

567.000 

T O T 4 L  PRES BEHINO SHOCK 719.6081 

BnnY WALI TEMP 
FREE S T R E A M  n F N s I T Y   h . 4 7 1 ~ ~ - 0 5 8  
FREE STREAP v I s r o s l T y  I . ~ ~ B ? F - o ~  
SPFCIFIC HEAT QATIn I .4on 
PRANOTI. NJ 
t i A S  CONSTAYT 1716.000 

0.713 

FTlFFC 
LB/FT SO 

LB/FT $0 
L R l F T  S O  

DEG P 
DEG 9 
DEG R 
SLUGlFT CU 
SLUG/FT CU 

F T  SO/SFC S O  DE5 R 

BODY GEflYETRY: 

RnnY IS AXISYMYETRIC 

S k M I  MAJOR A X I S  

M F t Y  BASE RADIUS 
SEMI N l N O R  4 x 1 s  

BODY FINENESS R A T I O  

MERIDIAN ANCLF PHI  

X COOROINLTES ( FT)  

0.0018 0 . 0 0 5 7  0.0141  0.0231 

R tCl0RDINATF.S ( F T I  

0.0103 0.0177 0.0262  0.0296 

SURFACE COORDINATES ( S / R I  

0.0 0.0783 0.1409 0.2326 
9.4401 

0.1340 F T  
0.1340  FT 
0.1340  FT 
4.6010 

7 .0  OEG 

0.2658 !. 021 7 

0.3041  0.3042 

1.lhh7 

0.1342 

2.1553 

1.2333 

0.1342 

2.1554 1.7958 7 .7959  8.9425  8.9426 



8OUNr)ARY LAYER  COWPUTATIONS 

UERIDIAN ANGLE PHI 0.0 

BODY SIRFACE  C0011DIWTES ( S I P )  

0. u 0.0783  0.1409 0.2326 
9.4401 

LOCAL BODV RADIUS/BASE  RAOIUS 

0.0 0.0771  0.1325 0.1953 
1.0012 

LOCAL UACH NUUBER 

0.2018  0.2018  0.5717  0.8170 
2.2666 

DEG 

3.3041  9.3042 2.1553 

0.221)8 0.2208 0.6219 

1.5152  1.8890 1.8890 

LOCAL STATIC PRESSURE/TOTAL PRESSURE BEHIND ROW SHOCK 

0.9720  0.9720 0.8000 0.6450  0.2441 3.151A 0.1518 
0.0829 

N 
CL 

L\1 LOCAL  TOTAL  PRESSURE/TOTAL PRESSURE BEHIND BOW SHOCK 

0.9840 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0070 

BOUNDARY LAYER  TRANSITION  CRITERIA 

2.1554 

0.6219 

2.2769 

0.0829 

I .  0000 

TRANSITION REYNOLDS NUMRER TO BE OETERUINEn B Y  PROGRAM 

LOCATION S/R P H I  (OEG) LOCAL  VELOCITY  LOCAL  DENSITY 
(FT ISECI   (SLUGIF7   CUI  

TRANS PT 1.796 0.0 
BASE 9.440 0.0 

1887.121  0.4708036-04 
1882.908  0.46A635E-04 

7.7958 

0.6219 

2.2769 

0 .OB29 

1.0000 

7.795 89 

0.6219 

1.8010 

0.1110 

0.9840 

8.9475 

1.3012 

1.9010 

0.1110 

0.9A49 

8.9426 

1.0012 

2.2666 

0.0829 

0.9R40 

WOUENTUW  WOYENTUM THICKNESS  LOC4L MOMENTUM 
THICKNESS(FT) REYNOLDS NO DEFECT  (SLUG/SEC S a )  

3.107470€-02 
3.839094E-03 

422.632R 
326.3481 

o.ieo7 
0.1394 

TRANSITION OlCCURRED AT (S/R) 7.796 

FOREBOOY BOUNDARY LAYER MOREHTliW DEFECT ( L B I  0.11737RE 00 



WAKE COYPUTATIONS 

FO'REBOOV BOUNDARY LAYER  IJPUTS 

FREE STREAM VFLOCZTY 2120.681  FTlSEC 
FREE STREAM YACH NO 3.000 

FREE STREAM STATIC TFHP 208.000 DEG Q 

BrlDY  WALL TEMP 
TOTAL TEMP 

562.000 DEG 4 
SYFClF lC  HEAT  RATIO 1,400 
W A N  BASE RADIUS 0 .1340  F T  

w . 3 ~  DEG R 

FUREB'LiOY BASE CnHOIT  ION  IYPUTS 

RL MHENTUM  DEFECT 0.11 7378 L B  
TOT4L PRFS AT BODY BASE 278.60R L B l F T  SO 
SToTIC  PRES AT BODY RASE 23.100 L R l F T  SO 

VISCOUS  UAKE  INPUTS 

STARTING  PT  LOCATlON I X W R I  4.000 
STARTING P T  VALUE OF FORM PARAMETER 1 x 1 )  22.900 

I N V l S C l I I  UAKF INPUTS 

BOW SHOCK SHAPE COEFFlCIEWTSt  Y lDN = A + B I X l D N )   t t l X / D N ) * * 2  + DtX/ON)(Y/ON) 

L R t D DN 
0.5037OOE-01 0.75666RE 01 0.189860E 01 -0.464700E 01 0.166667E 00 

WAKE T R h N S I T I O N  

UAKF IS TURBULENT 



X / @  

9.03 

ETA 

0.3 
0.13 
0.23 
0.33 
0.43 
0.50 
0.65 
0.70 
0.80 
0.90 
1.03 

N 

0.02 
0.10 
0.18 
0.25 
0.33 

0.56 
0.48 

0. h 4  
0.77 
0.79 
0.87 
0.?5 
1.03 
1.13 
1.13 
1.25  
1.33 

I . 41  
I. 4 1  

1.57 

0.41 

THETAlnEL 

0.113149F 00 

q/9 

0 .o 
0.4hI3C7E-01 
0.Q10545E-01 
0.135999F 00 
0.181189F 00 
0.274575E 00 
0.257775F Or)  
0.3044P5F 03 
0.351438E 03 
0.397741F 00 
0.475346E 03 

nfLTA/DFC 

P.1-317?1E C ?  

II 

a. 171970F  04 
0.1728?h" 04 
0.1749ROF 04 
0.177799F  04 

0.183474E C4 
0.140747F 04 

0.185709E 04 

0.198255F  04 
0.137309F 04 

0.148h5?C  04 
3.188712E  04 

IYVISI3 HAKF 

?/!I 

0.9A0458E-01 
0.3'4 C3OF CO 
0.671151F 00 
0.9550R3F 00 

0.15?771F 01 
0.124094F  01 

0.210251E 01 
0.1814971. 0 1  

0.230075E  01 

0.796607E C 1  
0.325413F 0 1  
0.3542!7F 01 

0 .411W3F 01 
0.383029c 0 1  

0 . 4 4 3 6 6 l r   0 1  

0.4993r)IE 01 
0.44Q493F 01 

0.527124F  01 
0.555347F 01  

0.26781.2~ 01 

0.5847721- 01 

I I  

0.188712F C4 
0.311040F  04 
0.2 11043E 0 4  
0.?120@1! 04  
0 .212014r   04  

0.2120?7€ 04 
0.212Q23t O L  

0.212015E  04 
C.217024E 04 

O.?I?O?jF  Cb 
0.212075F A4 
0.2120251:  04 

C.2170?6.E 0 4  
0.?120?hF CO 
0.212076F 0' 
0.9129'65  04 

?.212075F 0.4 
0.7120?bF  04 

0.212026E c 4  

n . ? l z o 1 ? c  CL 

0 . 2 1 2 0 7 ~ ~  04 

0.00 
4 

0.92 
1.00 

DELTA10 

3.475346E 03 

Y 

0.191830F 31 
'1 .1Q~510E 01 
3.197717E '21 
?.2073B?E Q 1  

.7.715547F 0 1  
0.7705095 01 

'3.22h596F 01 
:1.224343€ 0 1  

9.227543E ,01 
0.727h93E 01  

L ~ O ' E . ~ C E  01 

Y 

3 .2959QlF  01 
3.727693€ 01 

0.299774E 0 1  
3.299506E 01 

(1.29979hF fl1 

11.299316E 01 
9.299806E 01 

q.Z9S8?2F ,a1 

0.299828E 01 
D.ZQ9@75E 01 

7.2Qqfl29E  01 
.1 .299530€  01 
0 . 2 9 9 8 l l F  01 
0.209572E 0 1  
3.299A32F 3 1  
3.79'3833E 01 
'3.299933F 01 
0.299833E  01 

0.299834E '31 
0.299934E 41 

0.779R34f 01 

QELTA* 111 

0.262763E-01 

M l M I V F  

17.439433E 00 
3.h45032E 00 
0.659055E 00 
O.h7794>E 00 
0.69963'4 00 
0.7194WF 00 

0.747R10E 00 
0.755321E 00 
0.754478E 00 
0.758976E 00 

n. 7 3 5 3 6 7 ~  00 

0.149712F 04 

Q/OINF 

0.408875F 00 
0.4160666 00 
(3.4'34157E 00 
0.4596056 Or) 
0.489089E 00 
0.51622RE 00 
0.5407576 00 
0.559719E 00 
0.570509€ 00 
0.575288F 00 
0.576044E 00 

PT/PINF 

0.689288F 01 
0.707447E 01 
0.755166E 01 
0.824755E 91 
0.908632E 0 1  
0.997303E 01 

O.l l444RE 0 2  
0.10795OE 02  

0.11 8556E 02 
0.120327E 02 
0.12060RE 02 

RHWRHOINF 

0.330397E 01 
0.314317F 0 1  
0.309542E 01 
0.390654E 01 
0.271225E 01 
0.253773E 01 
0.239915E 01 
0.230009E 01 
0.224287E 01 
0.321925E 01 
0.221555E 01 

T/TINE: 

0.161293E 01 
0.1 60099E 01 
9.157140E 01 
0.153232E 01 
0.149050E 01 
0.145137E 01 
0.141890E 01 
0.139540E 01 
0.138141E 0 1  
0.1375S7E 01 
0.137465E 0 1  

M / Y  INF 

0.986604E 00 
0.758977E 00 

0.3Q9112E 00 
0.998353E 00 

0.Q99284E 00 
5.9997+5E 00 
0.999394E 00 
0.9994Q5E 00 
0.999417E 00 
0.999425E 00 
0.999431E 00 
O.OQ9435E 00 

3.999439E 00 
0.099477E 00 

0.999447E 00 
O.qqq441E 00 

0.999443E 00 

0.09944hE 00 
O.QQ944hE 00 
3.999447E 03 

n . q q 9 4 4 4 ~  00 

O / R I Y F  

0.973387E 00 
0.576046E 00 

0.996708E 00 
0.998?74E 00 
0.998576E 00 
0.998710E 00 
0.79R776E 00 
0.99R812E 00 
0.Q9R834E 00 
0.99RR51E 00 
O.QqR86lE 00 

0.998R75E 00 
0.999870E 00 

0 .99887W 00 

0.998R85E 09 
0.998RR2F 00 

0.9988R9F 00 
0.999886E 00 

0.998891E 00 
0.998892E 00 
0.q98Aq4E 00 

P T l P I N F  

0.120609E- 02 
0.345799E  02 
0.364615E  02 
0.365R63E O? 

0.366264F  02 
0.36615TF 02 

0.76634RF  02 
0.36631 RE 07 

0.3hh367E 02 
0.3663806 02 
0.366388E 02  

0.366400F 02 
0.366395E O? 

0 . 3 6 6 4 0 X  02 
0.366405E 02 
0.366407E 02 
0.36640qE .02 
0.366411E 02 

0.366414E 32 
0.366412E 02  

0.36641 5E 02 

RHWRHnINF 

0.221S54E 0 1  
0.10440RE 01 
0.100531E 0 1  
0.100286E 01 

0.100208E 0 1  
0.100229E 01 

0.100197E 01 

0.1001 85F 01 
0.100187E 01 

0.100183E 01 
0.100182E 01 
0.103181E 01 
0.100100E 01 
0.1001BOE 01 
0.10017qE 0 1  

0.100179E 01 
0.100179E 0 1  

0.100178E 0 1  
0.103178E 01  

0.100178E 01 

O.I~OI~IE 01 

T/T INF 

0.13146SE 01 
0.101741E 01 
0.100212F 0 1  
0.100114E 01 
0.100092E 01 
O.tOO083E 01 
0.100079F: 01 
0.100076E 01 
0.100075E 01 
0.100074E 01 
0.100073E 01 
0.100073E 01 

0.100072E 01 
0.100072E 01 

0.100072E 0 1  
0.100072E 01 
0.100072E 0 1  
0.100071E 01 
0.100071E 01 
0.100071E 01 
0.100071E 01 



x/o 

11.00 

ETA 

0.0 
0.1 ,.) 

0.20 
0.39 
0.49 
0.53 
O.h3 
0.70 
0.80 
0.90 
1.03 

Ln N 

O.S? 
0.1 1 
0.20 
0.73 
0.37 
0.45 
0.55 
0.64 
0.7'4 

0.90 
0.91 

0.99 
1.d8 

1.25 
1.17 

1.34  
1.43 
1.52 
1.61 
I .7J 
1.7q 

4 
3. C ?  
1 .OO 

THF T !/DEL 

O.l2"3251E CO 

R 10 

0 .G 

0.99541qE-01 
0.4'44909E-01 

0.104537E 00 
0.145Y29F 00 

0 . 2 9 7 6 l l F  00 
0.241391E CO 

0.379019E 00 
0.332382C 00 

0.46qQqhS 00 
0.4?4411F 0 1  

I N V I  SI 0 WAKE 

HI9  

0.978943E-01 
C.43C993E 00 

0.1C7460r   01 
0.751522F 00 

0.140155F 01 
0.1711'45F 3 1  
0.205960F 31 
0.210n12E C 1  

0.3045hZF  01 
0.2715RIF 01  

0.337452E 01 
0.37Q347F 0 1  
C .40?247E @ I  
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LIST O F  SYMBOLS 

coefficient  in  shock  shape  equation,  Equation (85 

sonic  velocity, ft/s ec 

coefficients  in  velocity  profile,  Equation (2 1 ) 

temperature  function,  Equation (102) 

heat capacity at constant  pressure 

heat capacity at constant  volume 

maximum  body  diameter  (axisymmetric)  or  height  (two-dimensional), 
inches 

water  depth,  inches 

froude  number  (ratio of water  velocity to surface wave  propagation 
velocity) 

enthalpy 

total  enthalpy 

j = 0, two-dimensional  flow; j = 1, axisymmetric  flow 

turbulence  constant,  Equation (43) 

body  length;  characteristic  length,  inches 

length,  inches;  constant,  Equation (43) 

body  length from  nose to plane  containing  sonic  point 

Mach  number;  momentum 

constant,  Equation (43); transformed  coordinate,  Equation (57) 

constant,  Equation (43); transformed  coordinate,  Equation (18); ex- 
ponent in  shock  shape  equation,  Equation (85) 

pressure  

Praiidtl  number 

configuration  radius  (axisy-mmetric)  or  height  (two-dimensional), 
inches 
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I 

RB radial  dimension of body  in  plane  containing  body  sonic  point 

Re  Re  yno Id s numb e r 

R1 gas  constant 

r radial  coordinate  (axisymmetric) o r  transverse  coordinate  (two- 
dimensional);  radius 

r distance  from axis of symmetry to  bow  wave measured  normal to 
axis S 

S detached bow  wave  standoff  distance 

S distance  from  stagnation  point  measured  along  the  body  surface;  en- 
thalpy 

T temperature  

U free  s t ream  turbulence  parameter  

U axial velocity  component 

V velocity 

V radial  velocity  component 

X axial coordinate;  axial  wake  coordinate 

Y lateral  coordinate  in tow channel 

Z dummy  parameters,  Equations (87) and (88) 

cy angle of attack,  degrees 

P stream  tube  deflection at a given  free-stream  Mach  number;  pres- 

v specific  heat  ratio 

A transformed  wake  radius or thickness,  Equation (19); quantity  incre- 

6 wedge  semiapex  angle,  degrees;  wake  radius  or  thickness 

1,Z.. .6  

sure  gradient  parameter,  Equation (90) 

ment 

dB 

6, 

boundary  layer  thickness 

wake  diameter  or  thickness ( 6  = 2 ) 

wake  displacement  thickness 

D 
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s *  

€ trailing  wave  divergence  half  angle,  degrees 

B nondimensional  transformed  radial  coordinate,  Equation (20) 

e bow  wave  angle,  degrees;  momentum  thickness,  inches 

m transformed  wake  displacement  thickness,  Equation (58) 

OT 

u Mach  angle,  degrees;  dynamic  viscosity 

enthalpy  thickness 

U kinematic  viscosity 

8 wake  form  factor,  Equation ( 2 3 ) ,  laminar  boundary 
Equation (90) 

6* laminar  boundary  layer  form  parameter,  Equation 

’ layer   form  factor ,  

t T turbulent  boundary  layer  form  parameter,  Equation  (77)  and  (78) 

P density 

d meridian  angle, e. g . ,  Equation (99) 

Subscripts : 

aw  adiabatic  wall 

B bas e 

center  line 

e edge of forebody  boundary  layer 

K integer,  Equation (59) 

L local  condition,  characteristic  length  reference 

m conditions  in  transformed  coordinate  system,  e. g . ,  Equation  (58) 

n body  nose 

0 stagnation  conditions;  wake  centerline  conditions;  wake  starting  point 
(wake  neck o r  rear stagnation  point) 

P pitot   pressure 

S base  shoulder;  bow  shock  coordinate 

t total  conditions 

1 
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tr transformation  conditions 

W wall  conditions 

e momentum  thickness  condition 

B meridian  angle,  e. g . ,  Equation (114) 

1 reference  conditions  forward of shock  wave  or  hydraulic  jump;  wake 
edge  conditions 

2 reference  conditions  behind  shock  wave  or  hydraulic  jump 

00 f r ee   s t r eam conditions 
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